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Abstract
The classical homogeneous and catalytic reactor models such as
CSTR, PFR, and two-phase models, make a priori assumptions on the
length and time scales of diffusion, convection, and reaction and apply
the conservation laws at the macroscopic level. This intuitive averaging
leads to incorrect and often non-physical description of the small-scale
mixing/diffusion effects, accumulation and reaction terms in the
averaged form of the conservation laws. We consider the full
convection–diffusion–reaction equations with homogeneous and cataly-
tic reaction and spatially average them rigorously over small length/time
scales using the Liapunov–Schmidt method. This results in low-
dimensional averaged models defined in terms of multiple concentration
and temperature modes (variables), each of which is representative of a
physical scale of the system. These multi-mode models are markedly
different from the classical reactor models and are hyperbolic for most
cases of practical interest. While their solution requires a numerical effort
that is comparable to that of the classical reactor models, they retain all
the parameters and qualitative features of the full governing equations
(within their region of convergence) and overcome the shortcomings of
the classical models (such as dependence of effective transport
coefficients on kinetics, inability to describe micromixing effects, infinite
speed of propagation of signals even in convection dominated systems,
etc). Examples are presented to illustrate and compare the predictions of
the new averaged multi-mode models with those of the classical models.
I. Introduction
Modeling and analysis of chemical reactors is at the core of the chemical
engineering discipline. It is one activity that is unique to our discipline and
distinguishes it from other branches of engineering. One fundamental difference
between the modeling of chemical reactors and non-reacting systems is that the
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length and time scales associated with reacting flows can vary from the
molecular scale to the macro or process scale. Depending on the level of detail
included at various length and time scales, mathematical models that describe
chemical reactors can vary in complexity as well as in the number of physico-
chemical parameters. In addition, due to the strong coupling between the
transport and reaction processes and the dependence of the kinetic and
transport rates on the state variables, the model equations are highly nonlinear
and are known to exhibit a variety of complex spatio-temporal patterns. For
most cases of practical interest, even with the present day computational power,
it is impractical to solve such detailed models and explore the different types of
solutions that may exist in the multi-dimensional parameter spaces. Even in
cases where detailed solutions can be obtained, the numerical results have to be
coarse-grained to determine quantities (such as the average conversion or speed
of a thermal front) that are of interest to the designer. Accurate low-dimensional
models in terms of measurable variables (such as cup-mixing concentrations or
temperatures) are desired for the purpose of design, control, and optimization
of chemical processes.

The most common procedure in chemical reaction engineering to develop
low-dimensional models of reactors is to make certain a priori assumptions on
the length and time scales of reaction, diffusion and convection and apply the
conservation laws at the meso or macroscales only. For example, the most
famous and widely used chemical reactor model, namely that of the continuous-
flow stirred-tank reactor (CSTR), is obtained by applying the species and energy
balances at the macro (reactor) scale and consists of ordinary differential
equations. This model ignores the physics at small length scales (and hence is
independent of the transport properties such as the viscosity of the fluid or the
diffusivities of the various species). The shortcomings of this model (such as its
inability to predict micromixing effects on conversion and yield/selectivity of an
intermediate product for the case of fast reactions) are well known. The same
can be said of many other classical reactor models such as the plug-flow tubular
reactor model, the axial dispersion model with Danckwerts boundary
conditions, the two-phase catalytic reactor model, psuedohomogeneous models
of multi-phase reactors, etc.

At the other extreme, it may be argued that the traditional low-dimensional
models of reactors (such as the CSTR, PFR, etc.) should be abandoned in favor
of the detailed models of these systems and numerical solution of the full
convection–diffusion–reaction (CDR) equations using computational fluid
dynamics (CFD). While this approach is certainly feasible (at least for single-
phase systems) due to the recent availability of computational power and tools,
it may be computationally prohibitive, especially for multi-phase systems with
complex chemistry. It is also not practical when design, control and
optimization of the reactor or the process is of main interest. The two main
drawbacks/criticisms of this approach are: (i) It leads to discrete models of very
high dimension that are difficult to incorporate into design and control schemes.
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In addition, for highly nonlinear cases, the mesh size needed to avoid spurious
solutions may be so small that this approach is not feasible. (ii) The CFD
approach also uses averaged models (e.g., k–e model for turbulent flows) with
closure schemes that are not always justified and contain adjustable constants.

The main goal of this chapter is to demonstrate an intermediate approach and
a systematic method of obtaining low-dimensional models of chemical reactors
by spatial averaging of the full CDR equations. Our method of spatial
averaging is rigorous and is based on the Liapunov–Schmidt (L–S) technique of
classical bifurcation theory. Intuitively speaking, the L–S method of averaging
is equivalent to Taylor expansion of a more detailed model in terms of one or
more small parameters representing the ratio of length or time scales present in
the detailed model. In such an expansion, the lowest (zeroth) order term (which
ignores the physics at the small scales) is the simplified model (such as the ideal
PFR or CSTR model), while the higher order corrections modify it by including
the small but significant physical phenomena (such as local velocity gradients,
molecular diffusion, finite rates of adsorption, reaction, etc.) present at various
length and time scales.

Before we illustrate the new approach, we give a brief history of some
important reactor models. We also outline the multi-scale nature of both
homogeneous and catalytic reactors and present a brief review of prior efforts at
describing the scale coupling using low-dimensional models. In Section II, we
outline briefly the L–S procedure for spatial averaging of CDR equation. We
illustrate the spatial-averaging procedure in Section III by considering some
examples of non-reacting systems describing dispersion in tubes, packed beds
and monoliths. In Sections IV and V we present low-dimensional averaged
models for homogeneous, catalytic and coupled homogeneous and catalytic
reactors, respectively. Examples illustrating the use of these models and a
comparison of their predictions with the classical reactor models is also given in
these sections. In Section VI, we discuss briefly the convergence and the region
of validity of the low-dimensional models. Finally, in the last section, we outline
some possible extensions of our approach to multi-phase reacting systems.
A. A BRIEF HISTORY OF CHEMICAL REACTOR MODELS

The most widely used homogeneous reactor models are the three classical
ideal reactor models, namely the plug-flow reactor (PFR) model, the CSTR
model, and the batch reactor (BR) model. While the BR model and the PFR
model (which are identical for constant density systems with time replaced by
space time or dimensionless distance along the tube) have existed since the late
eighteenth century, a conceptual leap came in the form of the CSTR model
through the work of Bodenstein and Wolgast (1908). Unlike the PFR model,
which assumes no gradients in the radial direction and no mixing in the axial
direction, the CSTR model assumes complete mixing at all scales. For constant
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density systems, the three classical homogeneous reactor models for the case of
a single reaction of the form

XM
j¼1

njAj ¼ 0

(where M is the number of species, nj40 for products and njo0 for reactants)
are described by the following equations:

PFR : huxi
dhCji

dx
¼ njRðhCiÞ with hCji ¼ Cj;in at x ¼ 0 (1)

BR :
dhCji

dt0
¼ njRðhCiÞ with hCji ¼ Cj;in at t0 ¼ 0 (2)

CSTR :
hCji � Cj;in

tC
¼ njRðhCiÞ ðj ¼ 1; 2; . . . ;MÞ (3)

where hCji is the spatially (or cross-sectional) averaged reactant concentration
of species Aj, Cj,in is the mean inlet (or initial) concentration of the reactant,
RðhCiÞ the rate of the homogeneous reaction, x the distance coordinate along
the length of the PFR, huxi the mean fluid velocity in the reactor in the axial
direction, t0 the time, and tC is the total residence time of the reactor. (Remark:
No distinction is made between spatially averaged concentration, hCi, and cup-
mixing concentration, Cm, in these ideal one-mode reactor models.)

Irving Langmuir (1908) first replaced the assumption of no axial mixing of the
PFR model with finite axial mixing and the accompanying Dirichlet boundary
condition ðhCji ¼ Cj;in at x ¼ 0Þ by a flux-type boundary condition

Dm;j
dhCji

dx
¼ huxi½hCji � Cj;in� at x ¼ 0 (4)

where Dm,j is the molecular diffusivity of the species Aj. The above boundary
condition was rediscovered several times later: first by Förster and Geib (1934),
which was quoted and applied by Damköhler (1937); and then finally by
Danckwerts (1953); and it has since then been known as ‘‘Danckwerts’
boundary condition’’. In his paper, Langmuir dealt with both the limiting cases
of ‘‘mixing nearly complete’’ and ‘‘only slight mixing’’.

Thirty years later, Gerhard Damköhler (1937) in his historic paper,
summarized various reactor models and formulated the two-dimensional
CDR model for tubular reactors in complete generality, allowing for finite
mixing both in the radial and axial directions. In this paper, Damköhler used
the flux-type boundary condition at the inlet and also replaced the assumption
of plug flow with parabolic velocity profile, which is typical of laminar flow in
tubes.
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Förster and Geib (1934) first introduced the concept of residence time
distribution (RTD) to study the problem of longitudinal dispersion in tubes.
They also obtained the RTD curves for the axial dispersion model with
Danckwerts boundary condition using the Laplace transform theory. Twenty
years later, Danckwerts (1953), in his much celebrated paper, devised a
generalized treatment of RTD and introduced the concepts of ‘‘hold-back’’ and
‘‘segregation’’. Following this, it was Zwietering (1959) who quantified the
degrees of mixing with the ideas of ‘‘complete segregation’’ and ‘‘maximum
mixedness’’ and brought forth the concept of micromixing, i.e. mixing caused by
local diffusion, local velocity gradients and reaction at the small scales.

The study of mixing effects on chemical reactions has been an active area of
research since the pioneering papers of Danckwerts (1958) and Zwietering
(1959). The topic has become a part of classical Chemical Reaction Engineering
and has been discussed in textbooks (Froment and Bischoff, 1990; Levenspiel,
1999; Westerterp et al., 1984) and review articles (Villermaux, 1991).
Historically, this study has progressed in two parallel branches, based on the
Lagrangian and Eulerian frameworks of description, respectively.

The mechanistic models based on the Lagrangian description were initiated
by the studies of Danckwerts (1958) and Zwietering (1959), using the RTD
theory and the ideas of ‘‘complete segregation’’ and ‘‘maximum mixedness’’.
The two- and the three-environment models (Miyawaki et al., 1975; Ng and
Rippin, 1965) that followed, described micromixing as an exchange between the
environments of ‘‘complete segregation’’ and ‘‘maximum mixedness’’. Other
mechanistic models that have been formulated in the last 40 years include the
coalescence–redispersion model (Curl, 1963; Harada, 1962), the interaction by
exchange with mean (IEM) model (Villermaux and Devillon, 1972), models that
assume diffusion with chemical reaction in deforming fluid lamellae (Ottino
et al., 1979), and the engulfment–deformation–diffusion (EDD) models
(Baldyga and Bourne, 1984). Vatistas and Marconi (1992) extended the IEM
model to address the issue of non-isothermal micromixing in exothermic
reactions, Although many of these models were low-dimensional (and therefore
are inexpensive to compute) and could relate the global to the local interactions
quite effectively, they are phenomenological in nature and are derived based on
a top-down approach involving simplifying assumptions on the different time
and length scales of the system.

The Eulerian (bottom-up) approach is to start with the convective–diffusion
equation and through Reynolds averaging, obtain time-smoothed transport
equations that describe micromixing effectively. Several schemes have been
proposed to close the two terms in the time-smoothed equations, namely, scalar
turbulent flux in reactive mixing, and the mean reaction rate (Bourne and Toor,
1977; Brodkey and Lewalle, 1985; Dutta and Tarbell, 1989; Fox, 1992; Li and
Toor, 1986). However, numerical solution of the three-dimensional transport
equations for reacting flows using CFD codes are prohibitive in terms of
the numerical effort required, especially for the case of multiple reactions with
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fast/non-isothermal kinetics. As a result, in spite of the simplifying assumptions
present, the century-old ideal classical reactor models [Eqs. (1)–(3)] are still the
most popular choices among chemical engineering practitioners. The classical
ideal reactor models, which are easy-to-solve ordinary differential or algebraic
equations with no adjustable parameter, are particularly preferred to the full
CDR models (which are partial differential equations in two or more
independent variables) in case of multiple reactions with complex kinetics.

In contrast to the homogeneous reactor models, catalytic and multi-phase
reactor models (using the interphase transfer coefficient concept) appeared only
in the late 1950s and early 1960s. By this time, the concept of heat and mass
transfer coefficients was widely accepted and used in the design and analysis of
process equipment (mostly non-reacting systems such as absorbers, heat
exchangers and separation columns). These transfer coefficient models were
extended to reacting systems by just adding the reaction terms to appropriate
balance equations for the phase. Wicke (1961) and Liu and Amundson (1962)
developed and analyzed two-phase models of packed-bed catalytic reactors.
Trambouze and Piret (1960) and Schmitz and Amundson (1963) developed and
analyzed models of two-phase systems with heat and mass exchange and
reaction in one of the phases. [Prior to these studies, mostly pseudohomoge-
neous models were used to describe packed-bed catalytic reactors. Also, while
the concepts of effectiveness and enhancement factors (Hatta, 1932; Thiele,
1939; Zeldovich, 1939) were used much earlier in the 1930s and 1940s, the use of
these in the design and analysis of multi-phase reactors occurred much later, i.e.
in the late 1950s and early 1960s.] During the 1970s through 1990s, the literature
on the modeling of homogeneous, catalytic, and multi-phase reactors has
proliferated. More recently, CFD has also been applied in the modeling of
bubble column and other single- and multi-phase reactors (Ranade, 2002).
B. MULTI-SCALE NATURE OF HOMOGENEOUS AND CATALYTIC REACTORS

As stated earlier, chemical reactors are characterized by multiple length (or
time) scales and these disparate scales are typically characterized by three
representative ones, namely, micro (molecular), meso (catalyst particle or tube
diameter) and macro (reactor or process) scales. Figures 1–4 show examples of
simple to complex chemical reactors, in each of which scale separation exists.

Figure 1 shows the schematic of a tubular reactor, of radius a and length L,
where a ¼ a=L is the aspect ratio. Clearly, if a � 1, or a � 1, a physical length
scale separation exists in the reactor. This length scale separation could also be
interpreted in terms of time scales. For example, a � 1 implies that the time
scale for radial diffusion is much smaller than that of either convection and axial
diffusion, and concentration gradients in the transverse direction are small
compared to that in the axial direction.
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The issue of multiple time scales is also present in the case of homogeneous
tank reactors. As in Fig. 2, a tank reactor consists of several circulating flow
loops which exchange material with each other and within which micromixing
occurs at the continuum scale. Therefore, there are three physical length scales
present in a tank reactor. The size of the reactor is the macroscale. The meso
length scale could be anywhere from the size of a circulation loop to the size of
an eddy (or cell). The continuum scale is the microscale. The time scales
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FIG. 4. Schematic diagram illustrating the different length scales in a catalytic monolith reactor.
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associated with these three length scales are residence time of the reactor,
circulation/macromixing time, and micromixing time, respectively.

More complex reactors, like packed-bed reactors or catalytic monoliths,
consist of many physically separated scales, with complex nonlinear interactions
between the processes occurring at these scales. Figure 3 illustrates scale
separation in a packed-bed reactor. The four length (and time) scales present in
the system are the reactor, catalyst particle, pore scale, and molecular scale. The
typical orders of magnitude of these four length scales are as follows: reactor,
1m; catalyst particle, 10�2m (1 cm); macropore scale, 1 mm (10�6m); micro-
pore/molecular scale, 10 Å (10�9m). The corresponding time scales also vary
widely. While the residence time in the reactor varies between 1 and 1000 s, the
intraparticle diffusion time is of the order of 0.1 s and is �10�5 s inside the
pores. The time scale associated with molecular phenomenon like adsorption is
typically less than a microsecond and could be as small as a nanosecond.

Figure 4 is a picture of another reactor with widely varying scales—a catalytic
monolith. Like the tubular reactor, the monolith itself has two intrinsic length
scales, the radius and the length, which are typically 10–20 cm and between 30
and 50 cm, respectively. The monolith cross-section has a honeycomb structure
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consisting of 100–1000 channels, with washcoat and catalyst support. Typical
channel width or hydraulic diameter is 0.5–2mm, typical washcoat thickness is
10–50 mm, and support thickness is 100–180 mm, while the mean diameter of the
pores present in the catalyst support is 10–100 Å. Thus, it could be seen that the
reaction, which occurs inside the pores of the catalyst support, requires
transport of reactants and products across length scales that vary from a few
angstroms to meters.

In all of the above cases, a strong non-linear coupling exists between reaction
and transport at micro- and mesoscales, and the reactor performance at the
macroscale. As a result, the physics at small scales influences the reactor and
hence the process performance significantly. As stated in the introduction, such
small-scale effects could be quantified by numerically solving the full CDR
equation from the macro down to the microscale. However, the solution of the
CDR equation from the reactor (macro) scale down to the local diffusional
(micro) scale using CFD is prohibitive in terms of numerical effort, and
impractical for the purpose of reactor control and optimization. Our focus here
is how to obtain accurate low-dimensional models of these multi-scale systems
in terms of average (and measurable) variables.
C. DIFFERENT APPROACHES TO MULTI-SCALE AVERAGING OR DIMENSION

REDUCTION

As stated in the introduction, dimension reduction of the governing partial
differential equations describing reactors is necessary for the purpose of design,
control, and optimization of chemical processes, and is typically achieved by
three different approaches, as illustrated in Fig. 5.

The first approach is the discretization of the convection and the diffusion
operators of the PDEs, which gives rise to a large (or very large) system of
effective low-dimensional models. The order of these low-dimensional models
depend on the minimum mesh size (or discretization interval) required to avoid
spurious solutions. For example, the minimum number of mesh points (Nxyz)
necessary to perform a direct numerical simulation (DNS) of convective–diffu-
sion equation for non-reacting turbulent flow is given by (Baldyga and Bourne,
1999)

Nxyz � Re9=4Sc3=2 (5)

where Re and Sc are the Reynolds and turbulent Schmidt numbers, respectively.
(For Re ¼ 104 and Sc ¼ 103, this leads to a Nxyz of 3� 1013, which is quite
large.) For the case of laminar reacting flows in a tube of radius a and length L,
the minimum number of mesh points required to solve the steady-state one-
dimensional CDR problem has been shown (Dommeti and Balakotaiah, 2000)
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to be

Nx ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pe3

24q
q� 1�

2Da

Pe
þ

2Da2

Pe2

� �s
(6)

where

q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

4Da

Pe

r
(7)

Da is the Damköhler number, Pe the Peclet number based on the length of the
reactor and is given by

Pe ¼
L

2a
ReSc

For very fast reactions i.e. Da � 1, criterion equation (6) gives the minimum
number of mesh points required (to avoid spurious solutions) for a three-
dimensional scalar CDR equation as

Nxyz ¼
f3

24

� �3=2

(where f2
¼ PeDa), which results in ODEs of very high order, especially for the

case of diffusion-limited reactions, i.e. when f2 is large. For the case of non-
isothermal kinetics, f2

¼ f2
0 exp[B], where f2

0 is the value based on the inlet/
reference temperature and B is the Zeldovich number (dimensionless adiabatic
temperature rise). Therefore, for a typical value of B of 20 (which is very
common for partial oxidation and combustion reactions) and f2

0 ¼ 1, Nxyz ¼

3� 1017 and the problem is rendered numerically unsolvable. Dynamical
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systems of such high order cannot be easily incorporated in the existing control
strategies. In such cases, low-dimensional models are a natural alternative.

The second approach is the one that chemical engineers have followed
historically to develop low-dimensional models of reactors by making certain a

priori assumptions on the length and time scales of reaction, diffusion, and
convection and applying the conservation equations only at the macroscopic
level. As stated earlier, the CSTR model is an example illustrating this ‘‘top-
down approach’’ (Fig. 5). The assumptions made in developing such low-
dimensional models are usually not justified since it involves comparison of the
solutions obtained with more detailed (fundamental) models, which are not
available. Because of the a priori assumptions, these models cannot explain
many experimentally observed features that arise due to the coupling between
transport processes and chemical reaction at the local scales. When the
predictions of such ad-hoc models did not match with experimental results, the
low-dimensional models were modified by expanding the degrees of freedom
using concepts such as RTD, non-ideal flow and mixing, and introducing
empirical constants such as effective dispersion coefficients (Danckwerts, 1958;
Levenspiel, 1999; Zwietering, 1959). The shortcomings of this approach (such as
the dependence of the effective dispersion coefficients on the kinetic parameters
and inconsistencies such as infinite propagation speed of signals even in
convection-dominated systems) are well known (Balakotaiah and Chang, 2003).

An alternative method of obtaining low-dimensional models is the bottom-up
approach based on the averaging of the detailed models derived from the
fundamental laws. Several different empirical as well as rigorous averaging
techniques (with different terminology such as homogenization, dimension
reduction, adiabatic elimination, multi-scale method, slaving principle, etc.) are
used in different fields for obtaining low-dimensional models. For dynamical
systems with scale separation, the Center Manifold theorem (Carr, 1981) has
been used extensively in recent years to eliminate the slave (or fast decaying)
modes and obtain low-dimensional models described by a few ordinary
differential equations (Balakotaiah and Chang, 1995; Balakotaiah and
Dommeti, 1999; Mercer and Roberts, 1990). While this is a powerful technique,
a major limitation of this technique is that it can only describe the asymptotic
behavior of a physical system close to a fixed point (such as a trivial solution).

This chapter presents spatially averaged chemical reactor models based on the
L–S technique of classical bifurcation theory. This method is best suited for
spatial averaging near a zero eigenvalue (corresponding to the vanishing of a
small parameter representing the ratio of length or time scales in the system).
For the case of CDR problems, local equilibrium exists in the limit when local
diffusion is very fast as compared to convection and reaction [Remark: The
convection time scale varies as L=huxi, where L is the macro length scale and
huxi is the average velocity in the axial direction. The reaction time scale varies
as CR/R(CR), where CR is a reference concentration and R(CR) the reaction
rate. The local diffusion time scale varies as ‘2=Dm, where ‘ is the meso or micro
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length scale and Dm the molecular (or effective) diffusivity. When ‘ ! 0, local
diffusion becomes dominant as the other scales are independent of ‘.
Conversely, by choosing the appropriate length scale ‘, the local diffusion can
be made to be the dominant process and, hence, the spatial degrees of freedom
associated with this length scale can be eliminated]. Dimension reduction of
such systems using L–S technique consists in orthogonal projection of the CDR
operator. The resultant low-dimensional models are described by multiple
concentration and temperature variables, unlike the traditional low-dimensional
models which are described by a single concentration and a single temperature
variable. Each of these variables is representative of a physical scale of a system
and is called a ‘‘mode’’, and the averaged models are called ‘‘multi-mode
models’’. Moreover, spatial averaging by the L–S method retains all the
parameters present in the full CDR equation. Therefore, within their region of
validity, these low-dimensional models retain the complex spatio-temporal
behaviors (multiple solutions, oscillations, micromixing effects, etc.) that are
exhibited by the detailed model that are often missed by the traditional low-
dimensional models.
II. Spatial Averaging of Convection–diffusion–reaction Models
using the L–S Method
The L–S method is a well-known technique for eliminating the degrees of
freedom near a zero eigenvalue. It has been used for analyzing the bifurcation
behavior of a nonlinear operator near a zero eigenvalue (Balakotaiah et al.,
1984; Golubitsky and Schaeffer, 1984). Recently, this technique has been used
for spatial averaging of CDR models provided a scale separation exists
(Balakotaiah, 2004; Balakotaiah and Chakraborty, 2003; Balakotaiah and
Chang, 2003; Chakraborty and Balakotaiah, 2002a, b, 2003, 2004). Here, we
illustrate the main steps of this averaging procedure by considering a single
partial differential equation of the CDR type and show how the local spatial
degrees of freedom (present in the diffusion operator) may be eliminated by
averaging. Application of the procedure for more general cases may be found in
the cited references.

We consider a nonlinear partial differential equation of the form

F ðc; pÞ � r2c� pf ðx; y; z; t; c; p; p	Þ ¼ 0 (8)

where cðx; y; z; tÞ is a concentration variable dependent on the local coordinates
ðx; yÞ as well as other independent variables z and t, r

2 is the diffusion
(Laplacian) operator in the local coordinates x and y in a region O subject to
either zero flux or periodic boundary conditions on the boundary @O. The
parameter p is assumed to be small and is the ratio of local diffusion time to
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(global scale) convection time. f is a nonlinear operator that accounts for large
scale mixing (diffusion) and convection effects as well as the source/sink terms
due to reaction, adsorption, etc. It is assumed that f has a Taylor series
expansion in terms of p and the parameters p* appearing in f are of order unity.

We note that the diffusion operator with Neumann (or periodic) boundary
conditions is symmetric and has a simple zero eigenvalue with a constant
eigenfunction. Equivalently, the eigenvalue problem

Lc � r2c ¼ �mc in O (9)

rc 
 n ¼ 0 on @O (10)

is self-adjoint ðL	 ¼ adjoint operator ¼ LÞ with a zero eigenvalue m0 ¼ 0 and a
constant eigenfunction c0 ðx; yÞ ¼ 1. Moreover, for jX1, mj40 and for all jX0,
the eigenfunctions cjðx; yÞ can be chosen to satisfy the orthogonality condition

hci;cji ¼
1

AO

Z Z
O
cicj dx dy ¼ dij ¼

0; iaj

1; i ¼ j

(
(11)

As shown below, these properties can be used to eliminate the spatial degrees of
freedom in Eq. (8).

Averaging Eq. (8) over the domain O and use of divergence theorem gives

hf ðx; y; z; t; c; p; p	Þ;c0i ¼ 0 (12)

(Here, the angle brackets stand for inner product or average over the domain
O.) For obvious reasons, we shall refer to Eq. (12) as the averaged model. To
write it in a more useful form, we express c as

cðx; y; z; tÞ ¼ hciðz; tÞc0 þ c0ðx; y; z; tÞ (13)

where

hci ¼
1

AO

Z Z
O
cðx; y; z; tÞ dx dy ¼ hc;c0i (14)

is the spatially averaged concentration (over the domain O). It follows from Eq.
(13) that

hc0i ¼ hc0;c0i ¼ 0 (15)

For obvious reasons, c0ðx; y; z; tÞ will be referred to as the local variation. The
L–S procedure uses orthogonal complementary spaces in the domain to split c
as given by Eq. (13). Similarly, in the codomain, Eq. (8) is satisfied iff

EF ðhcic0 þ c0Þ ¼ 0 (16)
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ðI � EÞF ðhcic0 þ c0Þ ¼ 0 (17)

where E is the projection operator onto range L. The complementary projection
(onto ker L) is given by

ðI � EÞF ¼ hF ;c0ic0 (18)

Then, Eq. (17) is identical to Eq. (12), which may be written as

hf ðx; y; z; t; hcic0 þ c0; p; p	Þ;c0i ¼ 0 (19)

Simplification of Eq. (16) gives

Lc0 ¼ pf ðx; y; z; t; hcic0 þ c0; p; p	Þ � phf ðx; y; z; t; hcic0 þ c0; p; p	Þ;c0ic0 (20)

We refer to this as the local equation. Since L : range L ! range L is invertible,
it follows from the implicit function theorem that the local equation [Eq. (20)]
with the constraint given by Eq. (15) can be solved uniquely for c0 in terms of
hci. Substitution of this in Eq. (19) gives the reduced or averaged model.

The local equation may be solved perturbatively for c0. Writing

c0 ¼
X1
i¼1

pici (21)

we get

Lc1 ¼ f ðhcic0; 0; p
	Þ � hf ðhcic0; 0; p

	Þ;c0ic0; hc1i ¼ 0 (22)

Lc2 ¼ Dcf ðhcic0; 0; p
	Þ 
 c1 þDpf ðhcic0; 0; p

	Þ

� hDcf ðhcic0; 0; p
	Þ 
 c1 �Dpf ðhcic0; 0; p

	Þ;c0ic0 ¼ 0; hc2i ¼ 0

etc. Taylor series expansion of Eq. (19) gives

hf ðhcic0; 0; p
	Þ;c0i þ hDcf ðhcic0; 0; p

	Þ 
 c0;c0i þ phDpf ðhcic0; 0; p
	Þ;c0i

þ 1
2!hD

2
ccf ðhcic0; 0; p

	Þ 
 ðc0; c0Þ;c0i þ phD2
cpf ðhcic0; 0; p

	Þ 
 c0;c0i

þ 1
2!p

2hD2
ppf ðhcic0; 0; p

	Þ;c0i þ 
 
 
 ¼ 0 ð23Þ

[For simplicity of notation, we have written f ðx; y; z; t; hcic0; 0; p
	Þ as

f ðhcic0; 0; p
	Þ.] Thus, the averaged model to order p2 is given by

hf ðhcic0; 0; p
	Þ;c0i þ phDcf ðhcic0; 0; p

	Þ 
 c1;c0i þ phDpf ðhcic0; 0; p
	Þ;c0i

þ
p2

2!hD
2
ccf ðhcic0; 0; p

	 
 ðc1; c1Þ;c0i þ p2hD2
cpf ðhcic0; 0; p

	Þ 
 c1;c0i

þ p2hDcf ðhcic0; 0; p
	Þ 
 c2;c0i þ

1
2!p

2hD2
ppf ðhcic0; 0; p

	Þ;c0i þ 
 
 
 ¼ 0 ð24Þ

Here, Dcf , Dpf , D2
ccf , D2

cpf are the Fréchet derivatives of the nonlinear
operator f and D2

ccf 
 ðci; cjÞ, is a symmetric bilinear form.



SAIKAT CHAKRABORTY AND VEMURI BALAKOTAIAH220
The following observations may be made from the structure of the averaged
model given by Eq. (24): (i) The (zeroth-order) first term is the averaged model
to the lowest order and can be obtained by setting c0 ¼ 0 and p ¼ 0 in Eq. (19).
(ii) The second and third terms represent the order-p corrections. The second
term arises due to elimination of local spatial degrees of freedom. (In physical
terms, this is the combined effect of the interaction of local diffusion, velocity
gradients, and convection/reaction.) The third term is due to order-p effect that
is already present in the function f of the original model. (iii) If the Taylor
expansion of f in powers of p has terms up to order pq (qX0), then the averaged
model has to be derived to order pq so that all the physical phenomena present
at different scales in the original detailed model are also represented in the
averaged model. If this is not the case, then some of the physical phenomena
represented in the original model are not important and can be ignored. (iv)
When Eq. (24) is truncated at order pq (qX1), the truncation error arises from
two sources, the first being the truncation of the Taylor series of the averaged
equation (19), the second being the truncation error of the perturbation
expansion (21) of the local equation. As we show in the following sections, the
first truncation error may be zero in some practical cases (e.g. linear kinetics,
wall reaction case, or solutal dispersion problems in which f is linear in c) and
the averaged equation may be closed exactly, i.e. higher order Fréchet
derivatives are zero and the Taylor expansion of f terminates at some finite
order (usually after the linear and quadratic terms in most applications). In such
cases, the only error is due to the truncation of the solution of the local
equation.

It should be noted that while in principle, it is possible to obtain a single
averaged equation in terms of hci by elimination of c0 (to some desired order in
p), this equation may not be explicit in hci. In addition, this may not be useful or
what is desired in applications. For example, in chemical reactors, it is not the
spatially averaged concentration ðhciÞ that is measured experimentally but the
so-called ‘‘cup-mixing’’ or velocity-weighted concentration defined by

cm ¼ hcðx; y; z; tÞgðx; yÞ;c0i (25)

where gðx; yÞ (with hgi ¼ hg;c0i ¼ 1) is the local velocity profile, The relation-
ship between cm and hci may be obtained from Eq. (13) as

cmðz; tÞ ¼ hciðz; tÞ þ hgðx; yÞc0;c0i ¼ hciðz; tÞ þ phgðx; yÞc1;c0i þOðp2Þ (26)

Now, the averaged model to order p is defined in terms of cm and hci by the
global equation (19) and the local equation (26). The local equation can be
extended to any desired order in p by using higher order approximations of c0.
This form of the reduced model, expressed in terms of two concentration
variables, will be referred to as the ‘‘two-mode model’’, and is convenient for
physical interpretation of various limiting cases as well as to extend the range of
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validity of the local equation and hence the averaged model by a procedure
called regularization.

The above averaging procedure described for Neumann boundary conditions
may be extended to general flux boundary conditions of the form

rc 
 nþ pDa rwðcÞ ¼ 0 on @O (27)

where Da is a (reactor scale) Damköhler number (which is of order unity) and rw
(c) is some nonlinear function describing reaction or adsorption at the wall.
When p ! 0, the local gradients vanish and the leading-order operator remains
the same. Thus, the splitting given by Eq. (13) is again valid. However, for this
case, the averaged equation as well as the local equation may contain extra
terms that appear due to the inhomogeneous boundary condition at the wall.
In addition, since the wall reaction term is evaluated at a different concen-
tration (cw or cs) than cm or hci, the resulting model may contain three
concentration variables or three modes. These multi-mode models couple the
local and global equations in terms of physically meaningful and measurable
concentrations.

This spatial averaging theory could also be extended to the non-isothermal
reacting flows to perform spatial averaging of coupled species and energy
balances. This has been discussed in detail by Chakraborty and Balakotaiah
(2004). It should also be pointed out that the above averaging theory is
applicable to discrete interacting units, which is called L–S averaging in finite
dimensions. In this case, Eq. (8) is modified to

Acþ pfðc; p; p	Þ ¼ 0 (28)

where c is a concentration vector ðc 2 RnÞ and A is an n� n interaction or
exchange matrix. Due to mass conservation, A is singular (with columns
summing to zero) and is symmetric (or can be made symmetric with a proper
choice of the inner product in Rn). For such cases, Eqs. (19) and (20) are valid
(with L replaced by A) and the averaged model is an algebraic equation for the
average concentration hci.
III. Spatially Averaged Models for Describing Dispersion Effects
in Tubes and Packed Beds
In this section, we illustrate the spatial averaging procedure by considering
several simple examples of non-reacting systems that describe dispersion effects
in tubes, packed beds, and monoliths.



SAIKAT CHAKRABORTY AND VEMURI BALAKOTAIAH222
A. A HYPERBOLIC AVERAGED MODEL FOR DESCRIBING DISPERSION EFFECTS IN

TUBES/CAPILLARIES

As our first application, we consider the classical Taylor–Aris problem (Aris,
1956; Taylor, 1953) that illustrates dispersion due to transverse velocity
gradients and molecular diffusion in laminar flow tubular reactors. In the
traditional reaction engineering literature, dispersion effects are described by the
axial dispersion model with Danckwerts boundary conditions (Froment and
Bischoff, 1990; Levenspiel, 1999; Wen and Fan, 1975). Here, we show that the
inconsistencies associated with the traditional parabolic form of the dispersion
model can be removed by expressing the averaged model in a hyperbolic form.
We also analyze the hyperbolic model and show that it has a much larger range
of validity than the standard parabolic model.

The dispersion of a non-reactive solute in a circular tube of constant cross-
section in which the flow is laminar is described by the convective–diffusion
equation

@C

@t0
þ 2huxi 1�

x02

a2

� �
@C

@x
¼

Dm

x0
@

@x0
x0

@C

@x0

� �
þDm

@2C

@x2
,

0ox0oa; x40; t040 ð29Þ

with the following boundary and initial conditions:

@C

@x0
¼ 0 at x0 ¼ 0; a (30)

IC : Cðx; x0; 0Þ ¼ f ðx; x0Þ (31)

BC : Cð0; x0; t0Þ ¼ gðx0; t0Þ (32)

Here, huxi is the average velocity in the pipe, a the radius, and Dm the molecular
diffusivity of the species. [Remark: In writing the boundary condition at x ¼ 0,
we have assumed that L=a � 1. If this is not the case, it can be modified to
include the diffusive flux. Also, when L/a is of order unity, we need boundary
conditions at the inlet (x ¼ 0) as well as exit (x ¼ L).] Defining dimensionless
variables

z ¼
x

L
; t ¼

huxit
0

L
; x ¼

x0

a
; p ¼

a2huxi

LDm
; Per ¼

ahuxi

Dm
(33)
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we can write Eqs. (29) and (30) as

LC �
1

x
@

@x
x
@C

@x

� �
¼ p

@C

@t
þ 2ð1� x2Þ

@C

@z
�

p

Pe2r

@2C

@z2

� �
;

@C

@x
¼ 0 at x ¼ 0; 1

(34)

Here, p is the local (transverse) Peclet number, which is the ratio of transverse
diffusion time to the convection time. Per is the radial Peclet number (ratio of
transverse diffusion time to a convection time based on pipe radius). We assume
that p � 1 while Per is of order unity. (Remark: The parameter Pe2r=p ¼

huxiL=Dm is also known as the axial Peclet number. Also note that for any finite
Per or tube diameter, the axial Peclet number tends to infinity as p tends to
zero.) When such scale separation exists, we can average the governing equation
over the transverse length scale using the L–S technique and obtain averaged
model in terms of axial length and time scales.

We note that the transverse operator L is symmetric with respect to the inner
product

ðv;wÞ ¼

Z 1

0

2xvðxÞwðxÞ dx (35)

It has a zero eigenvalue with normalized eigenfunction of unity. We define the
mixing-cup (velocity weighted) and spatial average concentrations by

Cm ¼

Z 1

0

4xð1� x2ÞCðx; z; tÞ dx (36)

hCi ¼

Z 1

0

2xCðx; z; tÞ dx (37)

Transverse averaging of Eq. (34) gives

@hCi

@t
þ

@Cm

@z
�

p

Pe2r

@2hCi

@z2
¼ 0 (38)

We note that when p ¼ 0, hCi ¼ Cm and substitution of this into Eq. (38) gives
the leading (or zeroth) order evolution equation for the averaged concentration:

@hCi

@t
þ

@hCi

@z
¼ 0 (39)

(Remark: This zeroth-order model is the ideal plug-flow model.) To obtain the
averaged equation to order p, we write

Cðx; z; tÞ ¼ hCiðz; tÞ þ C0ðx; z; tÞ; C0 2 ker L (40)
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and solve for the slave variable C0ðx; z; tÞ in terms of hCiðz; tÞ using the
procedure outlined above. To leading order, we have

C0ðx; z; tÞ ¼ �p
@hCi

@z

1

12
�

x2

4
þ

x4

8

� �
þOðp2Þ (41)

Substitution of the Eq. (40) and transverse averaging (after multiplying by the
velocity profile) gives the local equation relating Cm and hCi:

Cm � hCi ¼ �
p

48

@hCi

@z
þOðp2Þ ¼ �

p

48

@Cm

@z
þOðp2Þ (42)

This local equation (when written in dimensional form) defines a characteristic
transfer time between the slowly evolving mode Cm and the slave mode
Cm � hCi. Thus, the averaged model to order p is given by

@hCi

@t
þ

@Cm

@z
�

p

Pe2r

@2hCi

@z2
¼ 0 (43)

Cm � hCi ¼ �
p

48

@Cm

@z
(44)

For obvious reasons, we shall refer to Eq. (43) as the global equation while Eq.
(44) that couples the local and global scales as the local equation. Although we
can leave the reduced model in this two-mode form, in this special case, we can
combine the two equations to obtain a single equation either for Cm or hCi. In
this specific example, the model is linear in the concentration and hence both Cm

and hCi satisfy the same equation (as they are linearly related). Since the cup-
mixing concentration (which is often measured in experiments) is more relevant
in applications, we write the reduced model in terms of Cm:

@Cm

@t
þ

@Cm

@z
þ

p

48

@2Cm

@z@t
�

p

Pe2r

@2Cm

@z2
þOðp2Þ ¼ 0 (45)

We note that this averaged model is hyperbolic. The third term in Eq. (45)
represents the Taylor dispersion term (due to velocity gradients and transverse
molecular diffusion) while the last term is the Aris-correction term (representing
the influence of axial molecular diffusion). In dimensional form, the reduced
model may be written as

@Cm

@t0
þ huxi

@Cm

@x
þ huxitD

@2Cm

@x@t0
�Dm

@2Cm

@x2
¼ 0; t0 � tD; x � ‘D (46)
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where the local diffusion or mixing time is defined by

tD ¼
a2

48Dm
(47)

The corresponding local length scale is given by ‘D ¼ huxitD while the diffusivity
may be written as Deff ¼ huxi

2tD. When axial molecular diffusion is neglected
(or equivalently, in the limit of Per ! 1) Eq. (46) simplifies to

@Cm

@t0
þ huxi

@Cm

@x
þ huxitD

@2Cm

@x@t0
¼ 0 (48)

In his famous paper, Taylor (1953) used the leading-order approximation

@Cm

@t0
¼ �huxi

@Cm

@x
(49)

to express the mixed derivative term as a dispersion term and simplified Eq. (48) to

@Cm

@t0
þ huxi

@Cm

@x
¼ Deff

@2Cm

@x2
; Deff ¼ huxi

2tD (50)

In the literature, Deff is also known as the Taylor dispersion coefficient.
However, the approximation used by Taylor transforms a hyperbolic equation
into a parabolic equation. In the chemical engineering literature, this
approximation is made worse by the further requirement of an artificial
boundary condition at the exit of the tube. During the last 50 years, the
parabolic model with Danckwerts’ boundary conditions is used extensively to
describe dispersion effects in chemical reactors. We show here that the
hyperbolic form of the model is more accurate, retains the proper physics,
can describe dispersion effects more accurately than the parabolic model and is
valid in a much larger domain of the physical parameter space. [Remark: A
good analogy between the parabolic and hyperbolic models is the approxima-
tion of the function e�x for small positive x by f pðxÞ ¼ 1� x and
f hðxÞ ¼ 1=ð1þ xÞ. Both approximations have the same accuracy for x ! 0
but the first approximation breaks down qualitatively for x41 while the second
approximation is valid qualitatively for all positive x. The second (Pade)
approximation is a regularized version of the first function. This regularization
is closely connected with how we write the local equation. Although the local
equation is an infinite series in powers of p, we can truncate it (often at the first
term) and rewrite it so that it is qualitatively valid for all positive values of p.
This regularization is discussed in Section VI.]

When the Taylor approximation is used in Eq. (46) the averaged model is
again parabolic but now the effective dispersion coefficient is given by

Deff ¼ huxi
2tD þDm ¼

a2huxi
2

48Dm
þDm (51)
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This result was first derived by Aris (1956) using the method of moments. While
the resulting model now includes both the effects (axial molecular diffusion and
dispersion caused by transerverse velocity gradients and molecular diffusion) it
has the same deficiency as the Taylor model, i.e. converting a hyperbolic model
into a parabolic equation.

We note that when Dm � huxi
2tD, or equivalently, the radial Peclet number

Per � 6:93, axial diffusion can be neglected. The local Peclet number p, which is
equal to Per times the aspect ratio (a/L), can be small even when Per � 6:93,
provided the aspect ratio is sufficiently small. Thus, the conditions Per � 6:93
and p � 1 are usually satisfied in most tubular reactors. In such cases, it is more
appropriate to use the leading-order approximation to modify the small axial
dispersion term to a mixed derivative term and write the averaged model as

@Cm

@t0
þ huxi

@Cm

@x
þ huxit̂D

@2Cm

@x@t0
¼ 0; t̂D ¼ tD þ

Dm

huxi
2
¼

a2

48Dm
þ

Dm

huxi
2

(52)

Now, the averaged hyperbolic model, Eq. (52), defines a characteristic initial-
value problem (Cauchy problem). To complete the model, we need to specify
Cm only along the characteristic curves x0 ¼ 0 and t0 ¼ 0. Thus, the initial and
boundary conditions for the averaged model are obtained by taking the mixing-
cup averages of Eqs. (31) and (32):

Cmðx; t
0 ¼ 0Þ ¼

Z 1

0

4xð1� x2Þf ðx;RxÞ dx � f mðxÞ (53)

Cmðx ¼ 0; t0Þ ¼

Z 1

0

4xð1� x2ÞgðRx; t0Þ dx � gmðt
0Þ (54)

When the assumption Per � 6:93 is not valid, it is better to leave the averaged
model in the more general hyperbolic form given by Eqs. (45) or (46) with
boundary and initial conditions given by Eqs. (53)–(54). The important point to
be made is the wave forms of the averaged model [either Eqs. (46) or (52)] have
much larger domain of validity than the parabolic form as shown below.
(Remark: The hyperbolic model is also much easier to solve numerically
compared to the parabolic model.)

The L–S method can be used to derive the averaged model to higher orders in
p but we will not be pursue it here (see Section VI). In fact, since our averaged
model at order p is also regularized, higher order approximations are not
necessary to see the qualitative behavior for all positive values of p.

Before closing this section, we compare the hyperbolic model derived here
with the wave model of Westerterp et al. (1995). For the classical Taylor
problem (without axial dispersion), the model of Westerterp et al. may be
written in the present notation as
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@hCi

@t
þ

@hCi

@z
þ

@J

@z
¼ 0 (55)

J þ
p

15

@J

@t
þ

p

12

@J

@z
¼ �

p

48

@hCi

@z
(56)

where J is the dimensionless flux (the flux normalized by huxiCR, CR being a
reference concentration). The following observations may be made about this
model: (i) The second and third terms on the l.h.s. of Eq. (56) are Oðp2Þ terms.
Hence, this model is parabolic at order p and is not different from the classical
Taylor model (at this order). In contrast, the model derived by the L–S method
is hyperbolic at order p. (ii) The model is not expressed in terms of measurable
quantities such as the cup-mixing concentration. (iii) The steady-state version of
the model predicts that there is dispersion even in the case of constant (and time
invariant) inlet conditions. The dispersion coefficient predicted by the steady-
state version of this model is quite different from the transient value. This
dispersion is spurious and arises due to the choice of the concentration variable
hCi since integration of the full PDE model (without the axial dispersion term)
over the tube cross-section shows that the cup-mixing concentration remains
constant with axial position. (iv) The model predicts that there are two waves
moving in the axial direction, whereas in the physical problem there is only one
wave.

1. Comparison of Solutions of Parabolic and Hyperbolic Models

We now present the solution of the hyperbolic model defined by Eqs. (52) and
(53)–(54) and compare the solution to that of the classical parabolic model with
Danckwerts boundary conditions. We use the axial length and convective time
scales to non-dimensionalize the variables and write the hyperbolic model in the
following form:

@Cm

@t
þ

@Cm

@z
þ Z

@2Cm

@z@t
¼ 0; t � Z; z � Z (57)

Cmðz; t ¼ 0Þ ¼ f ðzÞ (58)

Cmðz ¼ 0; tÞ ¼ gðtÞ (59)

where Z is now the effective local Peclet number (or the dimensionless local
mixing time) defined by

Z ¼
huxit̂D

L
¼

a2huxi

48LDm
þ

Dm

huxiL
¼ p

1

48
þ

1

Pe2r

� �
(60)

and is the ratio of effective transverse diffusion time to the convection time.
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The exit concentration Cmðz ¼ 1; tÞ for the case of a unit impulse (Delta
function) input (f ðzÞ ¼ 0, gðtÞ ¼ dðtÞ) is known as the dispersion (or RTD)
curve. For the hyperbolic model, this can be found either by Laplace
transformation or from the general solution of the model [see Balakotaiah
and Chang (2003), for a general analytical solution of Eqs. (57)–(59)]. It is easily
seen that the Laplace transform of the dispersion curve is given by

bEðsÞ ¼ Exp �
s

1þ sZ

� �
(61)

while the dispersion curve is given by

EhðtÞ ¼ Cmð1; tÞ ¼ Exp �
ð1þ tÞ

Z

� �
dðtÞ þ

1

Z
ffiffi
t

p I1
2
ffiffi
t

p

Z

� �� �
(62)

We note that the second central moment (or the dimensionless variance) of the
dispersion curve is given by

s2 ¼ 2Z (63)

Thus, for Z ! 0, the variance approaches zero and the behavior approaches
that of plug flow. For Z small and t � 1, Eq. (62) may be simplified to

EhðtÞ �
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4pZt3=2
p Exp �

ð1�
ffiffi
t

p
Þ
2

Z

� �
(64)

Hence, the dispersion curve has a peak at t ¼ 1 and is slightly asymmetrical (but
the deviation from the Gaussian curve is small). As Z increases to 0.5, it can be
shown by analyzing Eq. (62) that the peak moves to t ¼ 0 and for any Z40:5,
the peak remains at t ¼ 0. For any Z40:5, the dispersion curve has a slow
decaying (long) tail and the variance can exceed unity. Figure 6 shows the
dispersion curves for different values of Z. [Note: For simplicity, the delta
function of magnitude Expð�1=ZÞ at t ¼ 0 is not shown in the figure.]

We now compare the solution of the hyperbolic model with that of the
parabolic model used widely in the literature to describe dispersion in tubular
reactors. The parabolic model with Danckwerts boundary conditions (in
dimensionless form) is given by

@C

@t
þ

@C

@z
¼

1

Pe

@2C

@z2
; 0ozo1; t40 (65)

1

Pe

@C

@z
� C ¼ gðtÞ at z ¼ 0 (66)
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FIG. 6. Dispersion curves predicted by the hyperbolic model [Eq. (57)] for various values of the

effective local Peclet number, Z.
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@C

@z
¼ 0 at z ¼ 1 (67)

Cðz; t ¼ 0Þ ¼ f ðzÞ (68)

where Pe is the axial Peclet number. For the parabolic model (with f ðzÞ ¼ 0 and
gðtÞ ¼ dðtÞ), the dispersion curve is given by

EpðtÞ ¼ Cðz ¼ 1; tÞ ¼
2

Pe

X1
n¼1

Exp
Pe

2
�

Pe2 þ 4ln
4Pe

t

� � ffiffiffiffiffi
ln

p
sin

ffiffiffiffiffi
ln

p
ðPe2 þ 4lnÞ

ðPe2 þ 4Peþ 4lnÞ

(69)

where

cot
ffiffiffiffiffi
ln

p
¼

ffiffiffiffiffi
ln

p

Pe
�

Pe

4
ffiffiffiffiffi
ln

p ; n ¼ 1; 2; . . . (70)

The dimensionless variance can be found more easily from the Laplace
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transform and is given by

s2 ¼
2

Pe
�

2

Pe2
ð1� e�PeÞ (71)

We note that the variance for the parabolic model is always bounded between
zero (for Pe ! 1 or plug flow) and unity (Pe ! 0 or ideal CSTR behavior).
Thus, the parabolic model can only describe dispersion behavior that lies
between these two extremes. In contrast, the hyperbolic model can describe the
same behavior when Z varies between 0 and 0.5 as well as the bypassing,
stagnant region or solute retaining behavior (with long tails as in segregated
laminar flow) when Z40:5. For very small Z, the dispersion curves predicted by
the two models are very close to each other but the hyperbolic model predicts an
asymmetric curve with a slightly higher peak than the parabolic model. In
addition, the parabolic model predicts upstream diffusion and infinite
propagation speed. Both these non-physical phenomena are not present in the
hyperbolic model which retains the qualitative behavior of the full model for all
values of Z. Thus, we conclude that the hyperbolic model describes dispersion
effects better than the parabolic model and is valid over a wider range of the
physical parameter space.

We also present solutions of the full hyperbolic model

@Cm

@t
þ

@Cm

@z
þ Z

@2Cm

@z@t
� lZ

@2Cm

@z2
¼ 0; l ¼

48

Pe2r
(72)

for the case of a unit impulse input. The Laplace transform of the dispersion
curve is now given by

bEðsÞ ¼ Exp
1þ sZ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2Z2 þ 2sZð1þ 2lÞ þ 1

p
2Zl

( )
(73)

from which we can obtain the second central moment (variance) as

s2 ¼ 2Ẑ; Ẑ ¼ Zð1þ lÞ (74)

This shows again that when l is small (or equivalently, Per � 1), we can
combine the small axial dispersion term with the mixed derivative term and
simplify the general hyperbolic model [Eq. (72)] to the simpler model [Eq. (57)].
However, for l values of order unity or larger, this cannot be justified. The
inverse transform of Eq. (73) can be found by integrating around the branch
points but we will not pursue it here. Instead, we show in Figs. 7 and 8 the
numerically determined dispersion curves for Z ¼ 0:1; 1 and various values of l.
As can be expected, the qualitative behavior of the full hyperbolic model [Eq.
(72)] is similar to that of the simpler case of l ¼ 0. Only for lX1, the peak value
changes and shifts to lower times.
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2. Hyperbolic Model for Describing Dispersion Effects in Turbulent flow in a

Tube

The hyperbolic model given by Eq. (48) is also applicable for describing
dispersion in turbulent flow in a tube. In this case, we replace the local diffusion/
mixing time tD by the effective local (turbulent) mixing time tmix, which can be
calculated using the Reynolds-averaged convective–diffusion model, and is
given by Eq. (164) and b1 could be obtained by using an universal velocity
profile (as shown in the following section) as given in Eq. (165). For the case of
turbulent flow with L=a � 1, axial diffusion effects can be ignored and the
hyperbolic model becomes even more appropriate compared to the laminar flow
case.

3. Hyperbolic Model for Describing Dispersion Effects in Packed Beds

The traditional parabolic model with Danckwerts’ boundary conditions is
also used in the literature to describe dispersion effects in packed beds (and
porous media). However, unlike the case of capillaries and straight tubes, the
flow field in packed beds is more complex and is three-dimensional. However,
for many cases of interest, the average velocity in the transverse directions is
zero. In such cases, dispersion in the flow direction can be described by the
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hyperbolic model. For the case of isotropic beds with no mean flow in the
transverse directions, the hyperbolic model may be expressed as

�
@Cm

@t0
þ huxi

@Cm

@x
þ huxitD

@2Cm

@xqt0
¼ �DTr

2
TCm (75)

where e is the bed porosity (assumed to be constant), huxi the velocity in the
mean flow direction, and r2

T is the Laplacian operator in transverse coordinates
(radial and azimuthal). Here, the local mixing time (tD) and the transverse
dispersion coefficient (DT) may be expressed as

DT ¼ Dm þ aThuxid (76)

tD ¼ �
Dm

huxi
2
þ aX

d

huxi
(77)

where d is the particle diameter and the numerical coefficients aX and aT depend
on the structure of the bed. For the case of a randomly packed bed of spherical
particles, typical values are aT ¼ 0:1 and aX ¼ 0:5. The molecular contribution
to dispersion, represented by the first term in the above expressions, can be
neglected except at very small values of the local Peclet number ðhuxid=DmÞ.
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We do not pursue the solution of this new packed-bed dispersion model but
note that it can be used to explain Hiby’s (1962) experimental result, for which
the traditional parabolic model cannot provide a good explanation.
B. MULTI-MODE HYPERBOLIC AVERAGED MODELS FOR DESCRIBING DISPERSION

EFFECTS IN CHROMATOGRAPHS

We now extend the averaging method to derive hyperbolic models to describe
dispersion effects in chromatographs. We consider the case of a single solute
being adsorbed on the wall of a tube in which the flow is laminar. Assuming
Langmuir adsorption and neglecting axial molecular diffusion (Per � 1), the
governing partial differential equations (assuming azimuthal symmetry) may be
written as

@CA

@t0
þ 2huxi 1�

x02

a2

� �
@CA

@x
¼

Dm

x0
@

@x0
x0
@CA

@x0

� �
; 0ox0oa; x40 (78)

�Dm
@CA

@x0
ðx0 ¼ a; z; tÞ ¼ kaCAwCs � kdCAs;

@CA

@x0
ðx0 ¼ 0; z; tÞ ¼ 0 (79)

@CAs

@t0
¼ kaCAwCs � kdCAs (80)

CAw ¼ CAðx
0
¼ a; z; tÞ; Cs þ CAs ¼ C0 (81)

with appropriate inlet and initial conditions. Here, ka and kd are the adsorption
and desorption rate constants and CAw is the solute concentration at the wall
and the other symbols have their usual meaning. Scaling the solute
concentration using some reference inlet concentration (CA0), adsorbed
concentration by the total concentration of sites C0ðy ¼ CAs=C0Þ, time, radial,
and axial coordinates as in the Taylor problem (using convection time, tube
radius and length, respectively) and defining dimensionless parameters

G ¼
2

a

C0

CA0
; K ¼

kaCA0

kd
; Dal ¼

a2kaCA0

Dm
(82)

the dimensionless model equations may be written as

LC �
1

x
@

@x
x
@C

@x

� �
¼ p

@C

@t
þ 2ð1� x2Þ

@C

@z

� �
(83)

@C

@x
¼ 0 at x ¼ 0 (84)
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1

Dal

@C

@x
ðx ¼ 1; z; tÞ ¼ �

G
2

Cwð1� yÞ �
y
K

� �
; Cw ¼ Cðx ¼ 1; z; tÞ (85)

G
Dal

@y
@t

¼ Cwð1� yÞ �
y
K

� �
(86)

with initial and inlet conditions

Cðx; z; t ¼ 0Þ ¼ C0ðx; zÞ (87)

yðz; t ¼ 0Þ ¼ y0ðzÞ (88)

Cðx; z ¼ 0; tÞ ¼ Cinðx; tÞ (89)

Here, Cðx; z; tÞ is the scaled solute concentration in the fluid phase, Cw the solute
concentration at the wall, y the normalized adsorbed concentration ð0pyp1Þ,
K the adsorption equilibrium constant, p the transverse Peclet number, G
represents the adsorption capacity (ratio of adsorption sites per unit tube
volume to the reference solute concentration), and Dal is the local Damköhler
number (ratio of transverse diffusion time to the characteristic adsorption time).
We shall assume that p � 1 while G and Dal are order-one parameters. (In
physical terms, this implies that transverse molecular diffusion and adsorption
processes are much faster compared to the convection.)

Transverse averaging of the above model using the procedure outlined in
Section II gives the following averaged model to order p:

@hCi

@t
þ

@Cm

@z
þ G

@y
@t

¼ 0 (90)

p
@y
@t

¼ Dal Cwð1� yÞ �
y
K

� �
(91)

Cw � hCi ¼
p

8

@hCi

@t
þ

p

6

@hCi

@z
(92)

Cm � hCi ¼ �
p

24

@hCi

@t
�

p

16

@hCi

@z
(93)

hCiðz; t ¼ 0Þ ¼ hC0ðx; zÞi; yðz; t ¼ 0Þ ¼ y0ðzÞ; Cmðz ¼ 0; tÞ ¼ Cm;inðtÞ (94)

The averaged model is a four-mode model, the four modes (or variables) being
the fluid-phase cup-mixing concentration (Cm), the fluid-phase average
concentration (hCi), the solute concentration at the wall (Cw), and the adsorbed
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concentration (y). [Note: Since the initial and boundary conditions for the
averaged model are obtained in the same manner as in the Taylor problem by
taking transverse averages of Eqs. (87) and (89), we do not consider them any
further.] We now consider various limiting cases of this model.

For the case of p ¼ 0 (which corresponds to adsorption, desorption, and
transverse diffusion time scales going to zero), we have

Cm ¼ Cw ¼ hCi; y ¼
KhCi

1þ KhCi
(95)

and the above model reduces to the widely used zeroth-order hyperbolic model
(with no dispersion) (Rhee et al., 1986):

@hCi

@t
þ

@hCi

@z
þ G

@y
@t

¼ 0 (96)

The first non-trivial case we consider is that of linear adsorption and desorption.
For this case, we have y � 1 and the model becomes linear. For small p, we can
use the leading-order approximation to further simplify the model by
eliminating the variables Cw and hCi and write it in terms of Cm:

@Cm

@t
þ

1

ð1þ gÞ
@Cm

@z
þ pL

@2Cm

@z@t
¼ 0 (97)

L ¼
1

48

1þ 6gþ 11g2

ð1þ gÞ2
þ

1

GDal

g2

ð1þ gÞ2
(98)

g ¼ GK ¼
2

a

kaC0

kd
(99)

(Note: Since the model is linear for the special case considered, the same
equation is also satisfied by the other three variables.) The following
observations may be made from Eq. (98) that expresses the dimensionless
dispersion coefficient L: (i) The first term describes dispersion effects due to
velocity gradients when adsorption equilibrium exists at the interface. We note
that this expression was first derived by Golay (1958) for capillary
chromatography with a retentive layer. (ii) The second term corresponds to
dispersion effects due to finite rate of adsorption (since this term vanishes if we
assume that adsorption and desorption are very fast so that equilibrium exists at
the interface). (iii) The effective dispersion coefficient reduces to the Taylor limit
when the adsorption rate constant or the adsorption capacity is zero. (iv) As is
well known (Rhee et al., 1986), the effective solute velocity is reduced by a factor
(1þ g). (v) For the case of irreversible adsorption (g ! 1 and Dal ! 1), the
dispersion coefficient is equal to 11 times the Taylor value. It is also equal to the
reciprocal of the asymptotic Sherwood number for mass transfer in a circular
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channel with constant wall flux boundary condition. (vi) When the local
Damköhler number is small (adsorption is slow or capacity is low), L can be
large, leading to long tails in the dispersion curve.

The second limiting case we consider is that of Langmuir adsorption with
equilibrium at the interface. This assumption is equivalent to assuming Dal !

1 and replacing Eq. (91) by

y ¼
KCw

1þ KCw
(100)

Combining Eqs. (92) and (93), we get

Cw ¼ Cm þ
p

6

@hCi

@t
þ

11p

48

@hCi

@z

¼ Cm þ
p

6

@Cm

@t
þ

11p

48

@Cm

@z
þOðp2Þ ð101Þ

Thus, we can obtain the following single evolution equation for the cup-mixing
concentration:

@Cm

@t
þ

@Cm

@z
þ

p

24

@2Cm

@t2
þ

p

16

@2Cm

@z@t

þ G
@

@t

KCm þ
pK

6

@Cm

@t
þ

11pK

48

@Cm

@z

1þ KCm þ
pK

6

@Cm

@t
þ

11pK

48

@Cm

@t

0B@
1CA ¼ 0 ð102Þ

This equation reduces to the zeroth-order hyperbolic model [Eq. (95)] for p ¼ 0.
It also reduces to the hyperbolic model treated in the previous section for either
G ¼ 0 or K ¼ 0 (after combining the third and fourth terms using the leading-
order approximation). For finite p, G, and K, this rigorously derived averaged
model is quite different from the intuitively written models in the literature.

The last case we consider is that of a flat velocity profile with linear
adsorption and desorption. In this case, the dimensionless model equations are
given by

1

x
@

@x
x
@C

@x

� �
¼ p

@C

@t
þ

@C

@z

� �
(103)

@C

@x
¼ 0 at x ¼ 0 (104)

1

Dal

@C

@x
ðx ¼ 1; z; tÞ ¼ �

G
2

Cwð1� yÞ �
y
K

� �
; Cw ¼ Cðx ¼ 1; z; tÞ (105)
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p
@y
@t

¼ Dal Cwð1� yÞ �
y
K

� �
(106)

Now, because of flat velocity profile, the distinction between cup-mixing and
averaged concentrations disappears and the averaged model to order p is a
three-mode model given by

@hCi

@t
þ

@hCi

@z
þ G

@y
@t

¼ 0 (107)

p
@y
@t

¼ Dal Cwð1� yÞ �
y
K

� �
(108)

Cw � hCi ¼
p

8

@hCi

@t
þ

@hCi

@z

� �
(109)

For the case of linear adsorption, we can combine these equations into a single
hyperbolic equation:

@hCi

@t
þ

1

ð1þ gÞ
@hCi

@z
þ pL

@2hCi

@z@t
¼ 0 (110)

L ¼
1

8

g2

ð1þ gÞ2
þ

1

GDal

g2

ð1þ gÞ2
(111)

Comparing Eqs. (97) and (110), we see that the adsorption induced dispersion is
independent of the velocity profile. We also note that for the case of flat velocity
profile, there is no dispersion when g ¼ 0. When equilibrium is assumed at the
wall, we can eliminate y and Cw and write the averaged equation as

@hCi

@t
þ

@hCi

@z
þ G

@

@t

KhCi þ
pK

8

@hCi

@t
þ

pK

8

@hCi

@z

1þ KhCi þ
pK

8

@hCi

@t
þ

pK

8

@hCi

@z

0B@
1CA ¼ 0 (112)

As expected, for p ¼ 0, this model reduces again to the zeroth-order hyperbolic
model, Eq. (95), but for any finite p, it does not simplify to any of the standard
models in the literature.

The order p terms that appear in Eqs. (102) and (112) modify the leading-
order hyperbolic behavior by introducing dispersion (which is always present in
real systems due to velocity gradients and finite rates of adsorption). As is well
known in the literature, the leading (zeroth)-order hyperbolic models may have
discontinuous solution profiles (Rhee et al., 1986). As stated in the introduction,
in the literature, these models are often modified by adding a dispersion term
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and transforming them to a parabolic form. The above analysis shows that the
parabolic form of the reduced model is not only a poor approximation but also
cannot be justified based on physical grounds (and rigorous derivation). The
L–S method of averaging modifies the zeroth-order hyperbolic models by
adding order p corrections and gives the averaged models in multi-mode
(hyperbolic) form. As shown above, in some special cases (e.g. linear adsorption
or equilibrium at the wall) it is possible to transform them to a single-mode form
which is a hyperbolic equation containing the dispersion effects. When this
simplification is not possible, it is best to leave the averaged models in multi-
mode form, which is more convenient for numerical solution.
C. A HYPERBOLIC MODEL FOR DESCRIBING DISPERSION EFFECTS IN MONOLITHS

WITH DIFFUSION INTO THE SOLID PHASE

We can extend the hyperbolic model to cases in which the solute diffuses in
more than one phase. A common case is that of a monolith channel in which the
flow is laminar and the walls are coated with a washcoat layer into which the
solute can diffuse (Fig. 4). The complete model for a non-reacting solute here is
described by the convection–diffusion equation for the fluid phase coupled with
the unsteady-state diffusion equation in the solid phase with continuity of
concentration and flux at the fluid–solid interface. Transverse averaging of such
a model gives the following hyperbolic model for the cup-mixing concentration
in the fluid phase:

@Cfm

@t
þ �

@Cfm

@z
þ L1ð�; mÞp

@2Cfm

@z@t
� L2ð�; mÞp

@2Cfm

@z2
¼ 0 (113)

Here, t and z have been scaled with respect to the convection time and length of
monolith, respectively. The transverse or local Peclet number p and the radial
Peclet number Per are defined as in the case of the Taylor problem, e is the
volume fraction of the fluid phase and

L2ð�; mÞ ¼
1

Pe2r
�þ

1� �

m

� �
; m ¼

Des

Dm
(114)

(Des is the effective diffusivity of the solute in the solid phase while Dm is the
molecular diffusivity in the fluid phase.) The function L1ð�; mÞ depends on the
shape of the channel and the washcoat surrounding it. For the case of a circular
channel with a uniform washcoat thickness, it can be shown that

L1ð�; mÞ ¼
6�2 � 16�þ 11

48
þ

m
8
ð4�� �2 � 2� 2 ln �Þ (115)

We note that when � ¼ 1, Eq. (113) reduces to the Taylor problem (with axial
diffusion included). As e decreases or m increases, the magnitude of dispersion
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increases leading to long tails in the dispersion curve. Once again, the hyperbolic
model describes this solute retaining behavior much better than the traditional
parabolic models.
IV. Spatially Averaged Multi-mode (Multi-scale) Models for
Homogeneous Reactors
In this section, we present spatially averaged multi-scale models for different
types of homogeneous reactors. We consider a single homogeneous reaction
involving M species, which is given by

XM
j¼1

njAj ¼ 0 (116)

where, nj is the stoichiometric coefficient of species Aj, and we use the usual
convention of nj40 if Aj is a product and njo0 if Aj is a reactant.
A. ISOTHERMAL TUBULAR REACTORS

1. Laminar Flows

For a constant density system, the scalar concentration Cjðx
0;j;x; t0Þ of

species j in a tubular reactor of uniform cross-section O with unidirectional
laminar flow (Fig. 1) obeys the CDR equation

@Cj

@t0
þ uxðx

0
Þ
@Cj

@x
� njRðC1;C2; . . . ;CMÞ

¼ Dm;j
1

x0
@

@x0
x0
@Cj

@x0

� �
þ

1

x02
@2Cj

@j2

@2Cj

@x2

� �
ð117Þ

where uxðx
0
Þ is the fully developed velocity field, Dm;j the molecular diffusivity of

species j, RðCjÞ the intrinsic reaction rate, and x,j, and x0 are the axial,
azimuthal, and radial coordinates, respectively. In the transverse direction, Eq.
(117) is subject to the no-flux boundary condition at the wall,

rCj 
 n ¼ 0 (118)

where n is the unit normal to the boundary @O and r is the gradient operator in
O, while the inlet condition is of Danckwerts’ type,

Dm;j
@Cj

@x
¼ uxðx

0
Þ½Cjðx

0;j; x; t0Þ � Cj;inðx
0;j; t0Þ� at x ¼ 0 (119)
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and the exit condition is

@Cj

@x
¼ 0 at x ¼ L (120)

Using a (radius of the pipe) and L (length of the pipe) as the characteristic
lengths in the transverse and axial directions, respectively, CR as the reference
concentration, and Dm,R as the reference molecular diffusivity, we obtain four
time scales in the system associated with convection ðtCÞ, local/transverse
diffusion (tD), axial diffusion (tZ), and reaction (tR),

tC ¼
V

qin
¼

L

huxi
; tD ¼

a2

Dm;R
; tZ ¼

L2

Dm;R
; tR ¼

CR

RðCRÞ
(121)

where V and qin are the volume of the reactor and the volumetric flow rate of the
reactants, respectively. The ratios of these time scales give rise to the
dimensionless parameters: p (transverse or local Peclet number), Per (radial
Peclet number), Da (reactor scale Damköhler number), and f2 (local
Damköhler number), given by

p ¼
a2huxi

LDm;R
¼

tD

tC
; Per ¼

huxia

Dm;R
; Pe ¼

huxiL

De;R
¼

tZ

tC
¼

Pe2r
p

kj ¼
Dm;R

Dm;j
; Da ¼

LRðCRÞ

huziCR
¼

tC
tR

; f2
¼ pDa ¼

a2RðCRÞ

Dm;RCR
¼

tD

tR
ð122Þ

We use the following dimensionless variables:

t ¼
t0

tC
; x ¼

x0

a
; z ¼

x

L
; u ¼

ux

huxi
; cj ¼

C

CR
; rðcÞ ¼

RðC1;C2; . . . ;CMÞ

RðCRÞ

to rewrite Eq. (117) in dimensionless form as

1

x
@

@x
x
@cj
@x

� �
þ

1

x2
@2cj
@j2

� �
¼ pkj

@cj
@t

�
p

kjPe2r

@2cj
@z2

þ uðxÞ
@cj
@z

� njDa rðcÞ

� �
(123)

D pf ðc; p; p	Þ (124)

As in the previous problems, we assume that p � 1 while Da, kj, and Per are
order-one parameters. The boundary and initial conditions on the model are
given by

p

kjPe2r

@cj
@z

¼ uðxÞ½cj � cj;inðx;j; tÞ� at z ¼ 0 (125)
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@cj
@z

¼ 0 at z ¼ 1 (126)

@cj
@x

¼ 0 at x ¼ 0; 1 (127)

cjðx;j; z; tÞ ¼ cjðx;jþ 2p; z; tÞ (128)

cjðx;j; z; t ¼ 0Þ ¼ cj;0ðx;j; zÞ (129)

Transverse averaging of the above model using the procedure outlined in the
previous section for the case of laminar flow in a tube, i.e. uðxÞ ¼ 2ð1� x2Þ, with
azimuthally symmetric feeding gives the following two-mode model for the jth
species (j ¼ 1; 2; . . . ;M), involving the spatially averaged concentration hcji and
the mixing-cup concentration cj;m to order p:

@hcji

@t
þ

@cj;m
@z

�
p

kjPe2r

@2hcji

@z2
� njDa rðhciÞ þOðp2Þ ¼ 0 (130)

hcji � cj;m ¼ b1pkj
@cj;m
@z

þOðp2Þ (131)

with boundary and initial conditions given by

p

kjPe2r

@hcji

@z
¼ cj;m � cj;m;inðtÞ; at z ¼ 0 (132)

@hcji

@z
¼ 0; at z ¼ 1 (133)

hcji ¼ hcj;0iðzÞ; at t ¼ 0 (134)

where hcji is the transverse-averaged concentration in the reactor and cj;m is the
mixing-cup concentration, which for the tubular geometry are given by

hcji ¼
1

2p

Z x¼1

x¼0

Z j¼2p

j¼0

2xcjðx;j; zÞ dj dx (135)

cj;m ¼

R x¼1

x¼0

R j¼2p
j¼0

cjuðxÞ2x dj dx

2p
R 1
0
uðxÞ2x dx

(136)

respectively. The numerical coefficient b1 ¼
1
48

for fully developed laminar flow
in a pipe. (Note: b1 ¼

2
105

for plane Poiseuille flow while it is 1
30

for Couette
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flows.) It may be noted that the low-dimensional model defined by Eqs.
(130)–(134) has the same number of parameters as the full CDR equations. For
p ¼ 0, the model reduces to the zeroth-order plug-flow model, while for any
p40, the plug-flow model is modified by including the effects of local velocity
gradients and diffusion (micromixing) as well as reactor scale mixing. In this
reduced model, reactor scale mixing (macromixing) is captured by the third
term in Eq. (130) while the local mixing (micromixing) is captured through the
local equation [Eq. (131)].

We now consider some important limiting cases of this model. First, we note
that when axial molecular diffusion is negligible, Eqs. (130)–(131) reduce to
hyperbolic model:

@cj;m
@t

þ
@cj;m
@z

þ b1pkj
@2cj;m
@z@t

� njDa rðhciÞ ¼ 0 (137)

hcji � cj;m ¼ b1pkj
@cj;m
@z

(138)

cj;m ¼ cj;m;inðtÞ at z ¼ 0; hcji ¼ hcj;0iðzÞ; at t ¼ 0 (139)

Under steady-state conditions (and assuming that the inlet condition is
independent of time), this two-mode model can be further simplified to

dcj;m

dz
¼ njDa rðhciÞ with cj;mjz¼0 ¼ cj;m;in (140)

hcji � cj;m ¼ b1pkj
dcj;m

dz
¼ b1pkjnjDa rðhciÞ (141)

which in dimensional form may be written as

huxi
dCj;m

dx
¼ njRðhCiÞ with Cj;mjx¼0 ¼ Cj;m;in (142)

hCji � Cj;m ¼ tmix;jnjRðhCiÞ (143)

where

tmix;j ¼ b1
a2

Dm;j
¼

tmix

kj
(144)

is the local mixing time of the jth species and tmix is the characteristic local
mixing time of the system defined in terms of the reference species. The
dimensionless form of the characteristic local mixing time of the system (Z), is
obtained by non-dimensionalizing tmix w.r.t. the residence time in the reactor
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and is given by

Z ¼
tmix

tC
¼ b1

a2=Dm;R

tC
¼ b1p (145)

The solutions of the steady-state two-model model given by Eq. (140)–(141)
should be compared to the parabolic axial dispersion model with Danckwerts
boundary conditions (Danckwerts, 1953; Wehner and Wilhelm, 1956):

1

kjPe
d2hcji

dz2
�

dhcji

dz
þ njDa rðhciÞ ¼ 0; 0ozo1 (146)

1

kjPe
dhcji

dz
¼ hcji � hcj;ini at z ¼ 0;

dhcji

dz
¼ 0 at z ¼ 1 (147)

The Danckwerts model lumps the combined effect of axial diffusion, velocity
gradients, and transverse molecular diffusion into an effective axial dispersion
coefficient (axial Peclet number, Pe). However, when L=a � 1 (or Per � 1), the
two-mode model represents dispersion using the local mixing time and two
concentration variables. As in the Taylor problem, the exit concentration
predicted by the Danckwerts model is always bounded between the two limiting
cases of plug flow (Pe ¼ 1) and CSTR (Pe ¼ 0). This is not the case for the two
models defined by Eqs. (140)–(141). While for p ! 0 (or Z ! 0) the solution
approaches the plug-flow limit, as p (or Z) increases the conversions can be
below those obtained in a CSTR. This is the so-called mixing limited asymptote
which is similar to the mass transfer controlled case for the case of catalytic
reactions. The single-mode Danckwerts model cannot describe (even qualita-
tively) this mixing (or more precisely micromixing) limited regime.

This feature is illustrated in Fig. 9, which compares the solution of the ideal
PFR, ideal CSTR, and the Danckwerts model [Eqs. (146)–(147)] with the two-
mode convection model [Eqs. (140)–(141)] for the case of steady-state and single
first-order homogeneous reaction of the form A ! B. The solution of the
steady-state Danckwerts model is given by

X ¼ 1�
4q expðPe=2Þ

ð1þ qÞ2 exp
Peq

2

� �
� ð1þ qÞ2 exp

Peq

2

� � (148)

where q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4Da=Pe

p
and X is the conversion of A, while the solution of the

steady-state two-mode convection model is given by

X ¼ 1� exp
�Da

1þ ZDa

� �
(149)

and the variances ðs2Þ of the models are given by Eqs. (71) and (63),
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FIG. 9. Comparison of the solutions of ideal PFR, CSTR, and Danckwerts models with that of

two-mode convection model for an isothermal first-order homogeneous reaction.

SAIKAT CHAKRABORTY AND VEMURI BALAKOTAIAH244
respectively. We note that for small values of s2, both models predict

1� X ¼ expð�DaÞ½1þ s2Da2� þOðZ2Þ (150)

Needless to mention that the Danckwerts model [Eqs. (146)–(147)] reduces to
the ideal PFR and the ideal CSTR models in the limits of Pe ! 1 and Pe ! 0,
respectively. As seen in Fig. 9, the ideal PFR model and the ideal CSTR model
bound the solution of the Danckwerts model [Eqs. (146)–(147)] for the case of
any finite Pe number. As shown in Fig. 9 (and from Eq. (150)), for PeX10, the
two-mode model predicts very close to the Danckwerts model when the
variances of the two models are matched using Eqs. (71) and (63). However, the
two-mode models can predict conversions in regions in the parameter space
which are inaccessible to the Danckwerts models. These are the micromixing
limited conversions which are even below conversions predicted by the ideal
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CSTR model. As illustrated in Fig. 9, these solutions of the two-mode model
attain mixing limited asymptotes for large values of Da.

The second important limiting case of the general model [Eqs. (130)–(134)] we
consider is that of the steady-state case in which macro (axial) and micro
(transverse) mixing effects are of the same order of magnitude. Assuming that
the inlet concentrations are independent of time, the general model simplifies to

dcj;m

dz
�

p

kjPe2r

d2hcji

dz2
� njDa rðhciÞ þOðp2Þ ¼ 0 (151)

hcji � cj;m ¼ b1pkj
dcj;m

dz
þOðp2Þ ¼ b1pkj

dhcji

dz
þOðp2Þ (152)

with boundary conditions given by

p

kjPe2r

dhcji

dz
¼ cj;m � cj;m;in; at z ¼ 0 (153)

dhcji

dz
¼ 0; at z ¼ 1 (154)

Eqs. (151)–(153) may be combined and written as

dhcji

dz
� b1pkj þ

p

kjPe2r

� �
d2hcji

dz2
� njDa rðhciÞ þOðp2Þ ¼ 0 (155)

b1pkj þ
p

kjPe2r

� �
dhcji

dz
¼ hcji � cj;m;in; at z ¼ 0 (156)

Thus, we recover the Danckwerts model only if no distinction is made between
the cup-mixing and spatial average concentrations (with this assumption, the
effective axial dispersion coefficient is given by the Taylor–Aris theory). This
derivation also shows that the concept of an effective axial dispersion coefficient
and lumping the macro- and micromixing effects into one parameter is valid
only at steady-state, constant inlet conditions and when the deviation from plug
flow is small. [Remark: Even with all these constraints, the error in the model
because of the assumption hcji ¼ cj;m is of the same order of magnitude as the
dispersion effect!]

The last limiting case of the general model we consider is that of a tubular
reactor in which macromixing effect is dominant compared to the micromixing
effect. (This could be the case when the tube diameter or length are of the same
order of magnitude or when there is physical backmixing). Here, the general
model given by Eqs. (130)–(134) is valid again but we replace p=Pe2r by 1/Pe,
where Pe is the axial Peclet number, which is of order unity. Now, we have a
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two-parameter two-mode mixing model where the magnitude of Pe is an
indication of the macromixing while that of p gives the micromixing effect. For
example, for the case of steady state, the model may be written as

1

kjPe
d2hcji

dz2
�

dcj;m

dz
þ njDa rðhciÞ ¼ 0; 0ozo1 (157)

hcji � cj;m ¼ b1pkj
dcj;m

dz
(158)

1

kjPe
dhcji

dz
¼ cj;m � cj;m;in at z ¼ 0;

dhcji

dz
¼ 0 at z ¼ 1 (159)

For p ¼ 1=Pe ¼ 0, this model reduces to the ideal PFR model, for p ¼ 0, it
reduces to the Danckwerts model, for 1/Pe ¼ 0, it reduces to the two-mode
plug-flow model while for Pe ¼ 0, it reduces to the two-mode CSTR model
(discussed below). Thus, we have shown that the hyperbolic two-mode model
given by Eqs. (130)–(134) has a much larger region of validity than the
traditional homogeneous tubular reactor models.
2. Turbulent Flows

The extension of the two-mode axial dispersion model to the case of fully
developed turbulent flow in a pipe could be achieved by starting with the time-
smoothed (Reynolds-averaged) CDR equation, given by Eq. (117), where the
reaction rate term R(C) in Eq. (117) is replaced by the Reynolds-averaged
reaction rate term Rav(C), and the molecular diffusivity Dm;j is replaced by the
effective diffusivity De;j in turbulent flows given by

De;j ¼ Dm;j þDT (160)

where DT is the turbulent diffusivity, which could be obtained on the basis of
turbulent shear stress and expressed in terms of Reynolds number using one of
the correlations presented by Taylor (1954), Sittel et al. (1968), or Wen and Fan
(1975).

The Reynolds-averaged reaction rate Rav(c) could be evaluated by using
simple closure models of Bourne and Toor (1977), Brodkey and Lewalle (1985),
Li and Toor (1986), Dutta and Tarbell (1989), etc. It should also be pointed out
that the spatial averaging presented here is independent of the methodology
using which Rav(c) and DT are evaluated, or in other words, spatial averaging
follows time averaging.

We use an universal velocity distribution obtained by Churchill (2001) to
approximate the fully developed velocity profile uðxÞ across the turbulent core,
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given by

uðxÞ ¼

ffiffiffiffi
f t
2

r
5:5þ 2:5 ln ð1� xÞRe

ffiffiffiffi
f t
8

r" #
þ

15

4
ð1� xÞ2 �

10

3
ð1� xÞ3

 !
(161)

where ft is the Fanning friction factor and Re is the Reynolds number.
Using the velocity profile given by Eq. (161) to solve the local equations, we

obtain the leading-order fluctuations cj;1 as

cj;1 ¼ 0:1647
ffiffiffiffi
f t

p @hcji

@z

1� 2:684x� 0:895x2 þ 1:79x3 � 3:355x4 þ 1:431x5

þ0:536oð2x2 � 1Þ þ 2:68ðx2 � 1Þ ln½1� x�

" #
(162)

where

o ¼ 5:5þ 2:5 ln Re

ffiffiffiffi
f t
8

r !
�

ffiffiffiffi
2

f t

s
(163)

The important result is that the two-mode models for a turbulent flow tubular
reactor are the same as those for laminar flow tubular reactors. The two-mode
axial dispersion model for turbulent flow tubular reactors is again given by Eqs.
(130)–(134), while the two-mode convection model for the same is given by Eqs.
(137)–(139), where the reaction rate term rðhciÞ is replaced by the Reynolds-
averaged reaction rate term ravðhciÞ. The local mixing time tmix,j for turbulent
flows is given by

tmix;j ¼ b1
a2

Dm;j þDT
(164)

where b1 is given by

b1 ¼ 0:1f tðo� 3:45Þ

¼ 0:1f t 2:05þ 2:5 ln Re

ffiffiffiffi
f t
8

r" #
�

ffiffiffiffi
2

f t

s !
ð165Þ

We note that in turbulent flows, typically Dm;j � DT ðj ¼ 1; . . . ;MÞ, a result of
which, the local mixing time tmix is practically independent of the molecular
diffusivity or the molecular Schmidt number, i.e. tmix;j � tmix;T ðj ¼ 1; . . . ;MÞ,
where

tmix;T ¼ b1
a2

DT
(166)
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B. LOOP AND RECYCLE REACTORS

In this section, we present the two-mode models for loop and recycle reactors.
In a loop reactor (Fig. 10) of loop length L, a flow rate of qin with an average
velocity of huini enters and leaves the reactor at points x ¼ 0 and x ¼ l,
respectively (where x is the length coordinate along the loop), and the total flow
rate in the loop is Q+qin between points x ¼ 0 and x ¼ l, and is Q between
points x ¼ l and x ¼ L, due to a recycle rate of Q. The recycle ratio L is the
ratio of the volume of fluid returned to the reactor entrance per unit time to the
volume of fluid leaving the system per unit time, and is given by L ¼ Q=qin.

Neglecting axial diffusion (or assuming L=a � 1), the three-dimensional
CDR equation of a laminar flow loop reactor is given by

@Cj

@t0
þ uinðx

0
Þ
@Cj

@x
� njRðC1;C2; . . . ;CM Þ ¼ Dm;j

1

x0
@

@x0
x0

@Cj

@x0

� �
þ

1

x02
@2Cj

@j2

� �
(167)

with boundary and initial conditions being given by

Cjðx
0;j; x ¼ 0Þ ¼

Cj;in þ LCjðx
0;j;x ¼ LÞ

1þ L
(168)

Cjðx
0;j;x ¼ lþÞ ¼ Cjðx

0;j; x ¼ l�Þ (169)

@Cj

@x0
¼ 0 at x0 ¼ 1 (170)
Q

q

q

x

x = l

x = L
x = 0

Q + q

FIG. 10. Schematic diagram of a loop reactor with a single (premixed) feed and product streams.
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Cjðx
0;j; xÞ ¼ Cjðx

0;jþ 2p;xÞ (171)

Cjðt
0 ¼ 0Þ ¼ Cj0 (172)

Using the spatial averaging procedure illustrated in Section II, we average Eqs.
(167)–(171) in the transverse direction to obtain the two-mode model for a loop
reactor, which is given by

huini
@Cj;m

@x
¼

�
1

1þ L
Cj;m � hCji

tmix;j

� �
; 0pxol

�
1

L
Cj;m � hCji

tmix;j

� �
; lpxpL

8>>><>>>: (173)

@hCji

@t0
¼

Cj;m � hCji

tmix;j
þ njRðhCiÞ; 0pxoL (174)

(for j ¼ 1; 2; . . . ;M), with the boundary and initial conditions being

Cj;mðx ¼ 0Þ ¼
Cj;m;in; þ LCj;mðx ¼ LÞ

1þ L
(175)

hCjiðx ¼ l�Þ ¼ hCjiðx ¼ lþÞ (176)

hCjiðt
0 ¼ 0Þ ¼ Cj0 (177)

For the special case when no reaction occurs between x ¼ l and x ¼ L, i.e.
Cj;mðx ¼ lÞ ¼ Cj;mðx ¼ LÞ, the loop reactor reduces to a recycle reactor of length
l, the two-mode model for which is given by

huini
@Cj;m

@x
¼ �

1

1þ L
Cj;m � hCji

tmix;j

� �
(178)

@hCji

@t0
¼

Cj;m � hCji

tmix;j
þ njRðhCiÞ; 0pxol (179)

with the boundary condition

Cj;mðx ¼ 0Þ ¼
Cj;m;in þ LCj;mðx ¼ lÞ

1þ L
(180)

and initial condition being given by Eq. (177).
The two-mode loop and recycle reactor models are two-parameter two-mode

models. Here, the two parameters are the recycle ratio L, and the dimensionless
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local mixing time tmix=tc, which describe macro- and micromixing effects in the
system, respectively.
C. TANK REACTORS (CSTRS)

1. Two-mode Model for Premixed Feed

It is well known that as the recycle ratio L of a recycle reactor is increased, the
behavior shifts from a PFR at L ¼ 0 (no macromixing) to a CSTR at L ¼ 1

(perfect macromixing). We use this limit to obtain the two-mode model for a
perfectly macromixed CSTR, by integrating Eq. (178) along the length of the
reactor x and simplifying the resulting equation for L � 1. This gives the two-
mode model for a CSTR as

dhCji

dt0
¼

Cj;m � hCji

tmix;j
þ njRðhCiÞ; with hCjiðt

0 ¼ 0Þ ¼ Cj;0 (181)

Cj;m � hCji

tmix;j
¼

Cj;m;in � Cj;m

tC
(182)

where tCð¼ V=qinÞ is the total residence time in the reactor and tmix is the
characteristic local mixing time. Equations (181) and (182) constitute a two-
mode one-parameter model for a perfectly macromixed CSTR where feed enters
the tank as a single (premixed) stream. Micromixing effects are captured
through the local mixing time tmix, and in the limit of complete micromixing (i.e.
tmix ! 0), it reduces to the ideal one-mode zero-parameter CSTR model.

2. Two-mode Two-mixing Time Model for a General CSTR

In real tanks, both micro- and macromixing effects are important, and are
influenced by several factors including the type and speed of impellers, number,
and position of baffles, and the manner of feed distribution. Macromixing
effects in tanks have often been modeled by using compartment models in the
mixing literature (Baldyga and Bourne, 1999). Recently, Bhattacharya et al.
(2004) used the L–S technique to develop a two-mode two-mixing time CSTR
model that in addition to capturing micromixing, accounts for macromixing
effects resulting from unmixed feed. Here, we summarize this model for the
isothermal case.

Consider a single-phase homogeneous stirred-tank reactor with a time-
invariant velocity field Uðx0; y0; z0Þ a single reaction of the form A-B. (This
approach can be extended to the case of time-dependent velocity fields. If the
flow in the tank is turbulent, then the velocity field is the solution of the
Reynolds averaged Navier–Stokes equations). The tank is divided into a three-
dimensional network of n spatially fixed volumetric elements, or n-interacting
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cells. Theoretically speaking, n can be arbitrarily large but the size of any cell is
such that the length scale associated with it is at least one order of magnitude
larger than the continuum scale. Here, the continuum scale is the microscale, the
length scale of any cell is the mesoscale, and the reactor scale is the macroscale.
In practice, the division of the reactor into n cells depends intricately on various
design parameters including stirrer and baffle positions, feed distributions,
number of circulation zones, etc. Inside each cell, the reactant is transported by
diffusion and convection and is consumed by reaction, while interacting with
the other cells through the cell boundaries. Depending on the location, the
boundary of cell i may be divided into the following types: (i) @Oin

i is the
boundary through which the reacting fluid enters the tank through cell i with
flow rate qini ðC

in
i ;T

in
i Þ, (ii) @O

e
i is the boundary through which the reacting fluid

leaves the reactor through cell i with flow rate qei ðC
e
i ;T

e
i Þ, (iii) @O

c
ij , j ¼ 1; 2; . . . ; n

ðjaiÞ is the boundary through which cell i interacts with cell j with circulation
flow rate qcijðC

c
i;m;T

c
i;mÞ, (iv) @O

c
ji, j ¼ 1; 2; . . . ; n ðjaiÞ is the boundary through

which cell j interacts with cell i with circulation flow rate qcjiðC
c
j;m;T

c
j;mÞ, and (v)

@Ob
i is the boundary with no mass flux (as shown in Fig. 2), where the quantities

in the bracketed terms represent the concentration and temperature of the
corresponding streams, respectively. Here, cci;mðT

c
i;mÞ and ccj;mðT

c
j;mÞ are the mean

cup-mixing concentrations (temperatures) of the circulating stream leaving cell i
and j, respectively. [Remark: For non-isothermal CSTR with external or internal
cooling (or heating), cell i may have boundary @Oy

i , through which it exchanges
heat with cooling (or heating) fluid ðTi;cÞ.] In the first step of the reduction
process, the mass and energy balance (CDR) equations in each cell, which
describes mixing at the local scale and are infinite-dimensional in nature, are
reduced by L–S technique as described in Section II. This is followed by a finite-
dimensional reduction on n cells, resulting in the final reduced model for the
whole tank containing both micro- as well as macromixing effect (see
Bhattacharya et al., 2004, for details). The final reduced model that describes
both macro- and micromixing effects in an isothermal CSTR is given by

dhCi

dt0
þ RðhCiÞ ¼

1

tc
ðCin

m � CmÞ (183)

Cm � hCi ¼
1

tc
ðtmix;2C

in
m � tmix;1CmÞ (184)

where tmix,1 is the overall mixing time of the tank, which depends on the local
variables (such as local velocity gradients, local diffusion length, diffusivity) as
well as reactor scale variables (such as baffle position, stirrer type, circulation
time or stirrer speed, feed pipe locations, etc.), while tmix,2 captures the effect of
non-uniform feeding. For the case of all feed streams premixed and entering as a
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single stream, i.e. uniform feeding:

tmix;2 ¼ tmix;1 ¼ tmix (185)

and Eqs. (183) and (184) reduce to Eqs. (181)–(182). For the general case, both
tmix,1 and tmix,2 have contributions from two terms and can be written as

tmix;1 ¼ tdn1|{z}
micromixing

þ tEn2|{z}
macromixing

¼ tmicro;1 þ tmacro;1 (186)

tmix;2 ¼ tdn3|{z}
micromixing

þ tEn4|{z}
macromixing

¼ tmicro;2 þ tmacro;2 (187)

where td ¼ l2d=De is the local diffusion time, which is a measure of local scale
mixing or micromixing present within the tank and tE is the exchange or
macromixing time of the whole tank. (Remark: tE is inversely proportional to
the impeller rpm.) The coefficients ni, i ¼ 1; 2; 3; 4, are functions of reactor
geometry (including number, design and positions of baffles and stirrers, feed
positions, etc.) as well as feed distributions, where the coefficients n3 and n4,
associated with tmix,2, capture the effect of non-uniform or distributed feeding
through their additional dependency on feed compositions. For turbulent flow
within the tank, the local diffusion length ld depends on kinematic viscosity as
well as the power input per unit mass and can be as small as Kolmogorov length
scale, while ld for laminar flow is much bigger and can be as large as reactor
length scale. On the other hand, the exchange time, which depends on both
circulation or exchange flow rate and reactor volume, is in general inversely
proportional to the impeller speed. The local diffusion time enters in the
expressions for mixing times from the reduction of local CDR equation from
micro to meso scale, while the exchange time appears through the second step of
reduction from meso scale to reactor scale. The contribution of these two scales
of mixing appears in the overall mixing time as a combined function of reactor
geometry, feed distribution and composition, etc. and cannot be separated from
each other. It should be pointed that the coefficients (ni) can be positive as well
as negative.
D. NON-ISOTHERMAL REACTOR MODELS

In this section, we present the low-dimensional multi-mode models for
different types of non-isothermal homogeneous reactors. Here, we skip the
details of the averaging process and summarize the results.
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1. Tubular Reactors

In obtaining the low-dimensional models for non-isothermal tubular reactors,
we start with the full energy balance equations in conjunction with the species
balance Eqs. (117)–(119). For the case of a non-isothermal homogeneous
reactor the energy balance equations are given by fluid- and solid-state thermal
balances which are coupled through the boundary conditions. The fluid
temperature T f ðx

0;j; x; t0Þ obeys the following energy balance equation

rfCpf
@T f

@t0
þ uxðx

0
Þ
@T f

@x

� �
þ ðDHRÞRðC1;C2; . . . ;CM ;T f Þ

¼ kf
1

x0
@

@x0
x0
@T f

@x0

� �
þ

1

x02
@2T f

@j2
þ

@2T f

@x2

� �
ð188Þ

while the temperature TSðx
0;j;x; t0Þ in the solid wall (of thickness al) of the

channel is given by the equation

rfCpf
@TS

@t0
¼ r? 
 ðkSr?TSÞ þ

@

@x
kS

@TS

@x

� �
(189)

Equation (188) is subject to the boundary and initial conditions

@T f

@x0
¼ 0 at x0 ¼ 0 (190)

T f ðx
0
¼ a;j;x; t0Þ ¼ TSðx

0
¼ a;j;x; t0Þ (191)

T f ðx
0;j;x; t0Þ ¼ T f ðx

0;jþ 2p;x; t0Þ (192)

kf

rfCpf

@T f

@x
¼ uxðx

0
Þ½T f ðx

0;xÞ � T in� at x ¼ 0;
@T f

@x
¼ 0 at x ¼ L (193)

T f ðx
0;j;x; t0 ¼ 0Þ ¼ T f0 (194)

respectively, while the boundary and initial conditions for Eq. (189) describing
the solid temperature are

�kS
@TS

@x0
¼ �kf

@T f

@x0
at x0 ¼ a; �kS

@TS

@x0
¼ hðTS � TCÞ at x0 ¼ að1þ lÞ

(195)

TSðx
0;j;x; t0Þ ¼ TSðx

0;jþ 2p; x; t0Þ (196)
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@TS

@x
¼ 0 at x ¼ 0;L (197)

TSðx
0;j;x; t0 ¼ 0Þ ¼ TS0 (198)

respectively, where TC is the coolant temperature and al is the thickness of the
solid wall. In addition to the dimensionless parameters defined in Eq. (122), we
define some new parameters to non-dimensionalize the energy balance
equations. These dimensionless parameters are Lef (fluid Lewis number), St
(Stanton number), Bi (Biot number), B (Zeldovich number), g (dimensionless
activation energy), a (coolant capacity), etc., which are given by

Lef ¼
kf

De;RrfCpf
; St ¼

2hL

rfCpfað1þ lÞhuxi
,

a ¼
2hCR

rfCpfað1þ lÞRðCR;T inÞ
¼

St

Da

Bi ¼
2ah

kf ð1þ lÞ
¼

p

Lef
St; g ¼

E

RT in
;

lf
lS

¼
kf

kS

rSCpS

rfCpf

� �
(199)

k ¼
kf

kS
; ssf ¼

rSCpS

rfCpf
; PeS ¼

huxiLrfCpf

kS
¼

p

kLefPe2r
; B ¼

gð�DHRÞCR

rfCpfT in

The dimensionless temperature variables for the fluid and solid phases (yf and
yS) and the dimensionless reaction rate ðrðc; yf ÞÞ are given by

yf ¼ g
T f � T in

T in
; yS ¼ g

TS � T in

T in
; rðc; yf Þ ¼

RðC1;C2; . . . ;CM ;T f Þ

RðCR;T inÞ
(200)

Using the above dimensionless parameters and variables, Eqs. (188)–(198) are
written in dimensionless form and spatially averaged over transverse dimensions
to obtain the low-dimensional model for non-isothermal homogeneous tubular
reactors, which is given to order p by Eqs. (130)–(134) with rðhciÞ being replaced
by rðhci; hyfiÞ and

�
@hyfi
@t

þ ssf ð1� �Þ
@hySi
@t

þ �
@yfm
@z

¼

p

Pe2rLef
�
@2hyfi
@z2

þ
1� �

k

� �
@2hySi
@z2

� �
þ�BDa rðhci; hyfiÞ � StðhySi � yCÞ

0B@
1CA
(201)

yfm � hyfi
ZH

¼ �
@yfm
@z

þ b2
1

�
ssf ð1� �Þ

@hySi
@t

þ StðhySi � yCÞ
� �

(202)
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hySi � hyfi
ZH

¼ b3
@yfm
@z

�
b4
b1

1

�
ssf ð1� �Þ

@hySi
@t

þ StðhySi � yCÞ
� �

(203)

with the boundary and initial conditions being given by

p

LefPe2r

@hyfi
@z

¼ yfm � yfm;in; at z ¼ 0;
@yfm
@z

¼ 0 at z ¼ 1,

@hySi
@z

¼ 0; at z ¼ 0; 1 ð204Þ

hyfi ¼ hyf0i; and hySi ¼ hyS0i at t ¼ 0 (205)

where, e is the volume fraction of the fluid phase in the system, hyfi and hySi are
the transverse averaged temperatures of the fluid- and solid phases, respectively,
and yfm is the mixing-cup temperature of the fluid phase, which are given by

� ¼ �
1

ð1þ lÞ2
(206)

hyfi ¼

R x¼1

x¼0

R j¼2p
j¼0 xyf ðx;j; z; tÞ dj dxR x¼1

x¼0

R j¼2p
j¼0 x dj dx

(207)

yfm ¼

R x¼1

x¼0

R j¼2p
j¼0

xuðxÞyf dj dxR x¼1

x¼0

R j¼2p
j¼0 xuðxÞ dj dx

¼ hyfi þ hu0y0fi (208)

hySi ¼

R x¼1þl
x¼1

R j¼2p
j¼0 xySðx;j; z; tÞ dj dxR x¼1þl

x¼1

R j¼2p
j¼0

x dj dx
(209)

In Eqs. (202)–(203), ZH is the characteristic dimensionless local thermal mixing
time, which is given by

ZH ¼
tmix;H

tC
¼ b1

a2=lf
tC

¼ b1
p

Lef
(210)

The coefficients b1, b2, and b3 depend on the flow profile and the local shear
rates of the system, and b4 depends on the reactor geometry and for a tubular
geometry,

b4 ¼
1
8

(211)
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For the case of laminar flow in a tube,

b1 ¼
1
48

(212)

b2 ¼ 2 (213)

b3 ¼ 2 (214)

while for the case of fully-developed turbulent flows in tubes,

b1 ¼ 0:1f tðo� 3:45Þ (215)

b2 ¼
1:41ffiffiffiffi

f t
p

ðo� 3:45Þ
(216)

b3 ¼
0:89ffiffiffiffi
f t

p 1�
1:55

o� 3:45

� �
(217)

where o is given by Eq. (163).
In the above model [Eqs. (201)–(203)], thermal micromixing is captured

through the dimensionless local thermal mixing times of the system, ZH, as an
exchange of energy between the two temperature modes yf ;m and hyfi by the
local equation (202). The other local equation [Eq. (203)] captures the energy
transfer between the fluid- and solid phases as an exchange between the average
fluid ðhyfiÞ and solid ðhySiÞ temperatures. It should also be pointed out that our
low-dimensional model retains all the parameters ðp;Per;Lef ;B;Da;St;k;ssf Þ
present in the full CDR model, and in the limit of complete mass and thermal
micromixing (Z ! 0, ZH ! 0), our model reduces to the plug-flow model for
tubular reactors with wall cooling.

Low-dimensional models for loop, recycle, and tank reactors could similarly
be derived starting from the coupled mass and thermal balances. Here, we
present the reduced models and refer to a previous publication (Chakraborty
and Balakotaiah, 2004) for the derivation of these models.
2. Loop and Recycle Reactors

a. Loop reactors. The low-dimensional model for non-isothermal homoge-
neous loop reactor (as shown in Fig. 10) is given by

@hcji

@t
¼

cj;m � hcji

Zkj
þ njDa rðhci; hyfiÞ; 0ozo1 (218)
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@cj;m
@z

¼

�
1

1þ L
cj;m � hcji

Zkj

� �
; 0ozol̂; where l̂ ¼

l

L

�
1

L
cj;m � hcji

Zkj

� �
; l̂ozo1

8>>><>>>: ðj ¼ 1; 2; . . . ;MÞ

(219)

@hyfi
@t

¼ z b3 þ
b4
b1

� �
yfm � hyfi

ZH
þ ð1þ b2Þ

hySi � hyfi
ZH

� �
þ BDa rðhci; hyfiÞ,

0ozo1 ð220Þ

@yfm
@z

¼

�
z

1þ L
b4
b1

yfm � hyfi
ZH

þ b2
hySi � hyfi

ZH

� �
; 0ozol̂

�
z
L

b4
b1

yfm � hyfi
ZH

þ b2
hySi � hyfi

ZH

� �
; l̂ozo1

8>>><>>>: (221)

for the fluid-phase mass and thermal balances, respectively, with boundary and
initial conditions being given by

cj;mjz¼0 ¼
cj;m;in þ Lcj;mjz¼1

1þ L
; hcjijz¼l̂

� ¼ hcjijz¼l̂
þ (222)

hcji ¼ cj;0 at t ¼ 0 (223)

yfmjz¼0 ¼
yfm;in þ Lyfmjz¼1

1þ L
; hyfijz¼l̂

� ¼ hyfijz¼l̂
þ (224)

hyfi ¼ yf0 at t ¼ 0 (225)

The solid-phase thermal balance is given by

ssf ð1� �Þ
@hySi
@t

¼ �z� b3
yfm � hyfi

ZH
þ

hySi � hyfi
ZH

� �
� StðhySi � yCÞ (226)

for 0pzp1, with the initial condition being given by hySi ¼ yS0 at t ¼ 0, and
where z ¼ b1=ðb4 � b1b2b3Þ.

b. Recycle reactors. For the special case when no reaction occurs between
z ¼ l̂ and z ¼ 1, i.e. cj;mjz¼l̂

¼ cj;mjz¼1, the loop reactor reduces to a recycle
reactor (0ozo1), the low-dimensional model for which is given by

@hcji

@t
¼

cj;m � hcji

Zkj
þ njDa rðhci; hyfiÞ (227)
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@cj;m
@z

¼ �
1

1þ L
cj;m � hcji

Zkj

� �
(228)

@hyfi
@t

¼ z b3 þ
b4
b1

� �
yfm � hyfi

ZH
þ ð1þ b2Þ

hySi � hyfi
ZH

� �
þ BDa rðhci; hyfiÞ (229)

@yfm
@z

¼ �
z

1þ L
b4
b1

yfm � hyfi
ZH

þ b2
hySi � hyfi

ZH

� �
(230)

with boundary conditions given by

cj;mjz¼0 ¼
cj;m;in þ Lcj;mjz¼1

1þ L
(231)

yfmjz¼0 ¼
yfm;in þ Lyfmjz¼1

1þ L
(232)

The solid-phase balance [Eq. (226)] with accompanying boundary and initial
conditions remain unaltered.

3. Tank Reactors

The low-dimensional model for a non-isothermal homogeneous tank reactor
with premixed feed is given by

dhcji

dt
þ ðcj;m � cj;m;inÞ ¼ njDa rðhci; hyfiÞ (233)

cj;m � cj;m;in ¼
hci � cj;m

Zkj
(234)

as the fluid-phase species balance equation,

dhyfi
dt

¼ z b3 þ
b4
b1

� �
yfm � hyfi

ZH
þ ð1þ b2Þ

hySi � hyf i
ZH

� �
þ BDa rðhci; hyfiÞ (235)

hyfi ¼ �z
b4
b1

yfm � hyfi
ZH

þ b2
hySi � hyfi

ZH

� �
(236)

as the fluid-phase thermal balance equation, and

ssf ð1� �Þ
dhySi
dt

¼ �z� b3
yfm � hyfi

ZH
þ

hySi � hyfi
ZH

� �
� StðhySi � yCÞ (237)

as the solid-phase thermal balance, where z ¼ b1=ðb4 � b1b2b3Þ, and the initial
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conditions are given by hci ¼ c0, hyfi ¼ yf0, and hySi ¼ yS0 at t ¼ 0. The bj’s and
z are the five independent constants that could be obtained for each tank
depending on the local flow profile and the shape of the tank.

For the special case of a simple reaction A ! B, the low-dimensional model
for a CSTR with premixed feed consists of three differential equations and two
algebraic equations. When the mass and thermal micromixing effects are
ignored (Z ¼ ZH ¼ 0), cm ¼ hci, hyfi ¼ yfm ¼ hySi, and we get the classical
pseudohomogeneous CSTR model

dhci

dt
¼ ðcin � hciÞ �Da rðhci; hyfiÞ (238)

Le	
dhyfi
dt

¼ hyf ;ini � hyfi þ BDa rðhci; hyfiÞ �
St

�
ðhyfi � yCÞ (239)

where

Le	 ¼ 1þ
1� �

�
ssf (240)
E. MULTIPLE REACTIONS

Here, we extend the low-dimensional models derived for the case of a single
reaction to the case of multiple homogeneous reactions represented by

XM
j¼1

nijAj ¼ 0; i ¼ 1; 2; . . . ;NH (241)

involving M species in NH homogeneous reactions occurring in a constant
density system, in which the species obey the laws of binary diffusion. We use
the usual convention of nij40 if Aj is a product and nijo0 if Aj is a reactant.
Here, we use the same notations as in the single reaction case, with the exception
of Dai (Damköhler number), Bi (Zeldovich number), and ri (reaction rate) of the
ith reaction, which are defined as

Dai ¼
LRiðCR;T inÞ

huxiCR
; Bi ¼

gið�DHRÞiCR

rfCpfT in
; riðhci; yf Þ ¼

RiðC1;C2; . . . ;CM ;T f Þ

RiðCR;T inÞ

where RiðC1;C2; . . . ;CM ;T f Þ is the intrinsic rate of the ith reaction, and gi and
ðDHRÞi are the dimensionless activation energy and the heat of reaction of the
ith reaction, respectively.
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The low-dimensional models obtained for the case of multiple reactions are
the same as that obtained for the case of the single reactions in the previous
examples, with the term njrðhci; hyfiÞ in the species balance equation for the jth
species being replaced by

PNH

i¼1nijriðhci; hyfiÞ, and the term BDa rðhci; hyfiÞ in the
energy balance equation being replaced by

PNH

i¼1BiDairiðhci; hyfiÞ. For example,
the steady state averaged model for a tubular reactor with negligible axial
dispersion ðPer � 1Þ in which multiple reactions [given by Eq. (241)] occur, is
given by the following global equations:

dcj;m

dz
¼
XNH

i¼1

nijDairiðhci; hyfiÞ (242)

dyfm
dz

¼
XNH

i¼1

BiDairiðhci; hyfiÞ �
St

�
ðhySi � yCÞ (243)

while the local equations are given by

hcji � cj;m

Zkj
¼ �

dcj;m

dz
(244)

yfm � hyfi
ZH

¼ �
dyfm
dz

þ b2
StðhySi � yCÞ

�
(245)

hySi � hyfi
ZH

¼ b3
dyfm
dz

�
b4
b1

StðhySi � yCÞ
�

(246)

with cj;mjz¼0 ¼ cj;m;in, and yfmjz¼0 ¼ yfm;in. The low-dimensional models for
other types of homogeneous reactors for the multiple reaction case are similarly
obtained.
F. EXAMPLES ILLUSTRATING USE OF MULTI-MODE HOMOGENEOUS REACTOR

MODELS

In this section, we present examples to illustrate the usefulness of multi-mode
homogeneous reactor models in predicting micromixing effects on yield and
selectivity, reactor runaway, etc.
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1. Single Bimolecular Reaction in a Tubular Reactor: Mixing Effects on

Conversion

Here, we consider the case of a bimolecular reaction of the type Aþ B�!
k

Products, with RðhCAi; hCBiÞ ¼ khCAihCBi, for the case of premixed feed as well
as unmixed feed.
a. Premixed feed. Our two-mode model equations are given by

dCA;m

dz
¼ �

Da

CA;in
hCAihCBi (247)

dCB;m

dz
¼ �

Da

CA;in
hCAihCBi (248)

CA;m � hCAi ¼ ZA
Da

CA;in
hCAihCBi (249)

CB;m � hCBi ¼ ZB
Da

CA;in
hCAihCBi (250)

with the boundary conditions CA;m ¼ CB;m ¼ CA;in at z ¼ 0 (i.e. for the case of
uniform and stoichiometric feeding of reactants). In the above Eqs. (247)–(250),
ZA and ZB are the dimensionless mixing times of A and B, respectively, given by
ZA ¼ tA;mix=tC, ZB ¼ tB;mix=tC, where tCð¼ L=huxiÞ is the total residence time in
the reactor, tA;mix ¼ b1a

2=DAm and tB;mix ¼ b1a
2=DBm, and the Damköhler

number Da ¼ kCA;intC.
We first analyze the case where the mixing times of A and B are equal, i.e.

ZA ¼ ZB ¼ Z. Figure 11 illustrates how the conversion X ð¼ 1� CA;mðz ¼

0Þ=CA;m;inÞ varies with the Damköhler number Da for different values of the
dimensionless mixing time Z, for the case of stoichiometric feeding of reactants.

In order to examine the effects of differences in mixing times on conversion,
we solve Eqs. (247)–(250) for a wide range of values of k, where k ¼ ZA=ZBð¼
DBm=DAmÞ is the ratio of the mixing times of A and B. The results, which have
been plotted in Fig. 12, enable us to capture solely the effects of differences in
transport properties (i.e. species diffusivities) on product formation. It may be
noted from Fig. 12, that conversion attains a maximum at k ¼ 1 because for the
case of premixed feed, the two species A and B are interchangeable and the
curves are therefore symmetric about k ¼ 1.
b. Unmixed feed. In this example, we show how the two-mode models, unlike
the traditional tubular reactor models, can capture the effects of non-uniform
reactant feeding on reactor performance.
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In order to capture the effects of non-uniform reactant feeding at the reactor
entrance, we rederive our two-mode models by introducing a delta function
source in the species balance equation for the jth species [Eq. (123)]

1

x0
@

@x0
Dm;jx

0 @Cj

@x0

� �
þ njRðCÞ ¼

@Cj

@t
þ uxðx

0
Þ
@Cj

@x
� uxðx

0
ÞCj;inðx

0
ÞdðxÞ (251)

with boundary conditions given by

@Cj

@x0
¼ 0 at x0 ¼ 0; a (252)

Cjðx
0;xÞ ¼ 0 at x ¼ 0 (253)

Transverse averaging of Eqs. (251)–(253) leads to the following global evolution
and local equations, respectively:

@hCji

@t
þ huxi

@Cj;m

@x
¼ �RðhCiÞ þ Cj;m;indðxÞ (254)
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hCji � Cj;m ¼ tmix;j huxi
@Cj;m

@x
� w1;jdðxÞ

� �
(255)

where

Cj;m;in ¼ huxðx
0
ÞCj;inðx

0
Þi=huxi (256)

w1;j ¼ huxðx
0
Þf jðx

0
Þi=ðb1huxiÞ (257)

f jðx
0
Þ ¼

Z x0

0

1

k

Z k

0

zuðzÞJjðzÞ dz dk�

Z x0

0

1

k

Z k

0

zuðzÞJjðzÞ dz dk

* +
(258)

Jjðx
0
Þ ¼ Cj;m;in � Cj;inðx

0
Þ

In order to illustrate how this formulation can capture mixing effects resulting
from non-uniform reactant feeding at the reactor inlet, we apply the steady-state
version of our model [Eqs. (254)–(258)] to the simple case of bimolecular
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second-order reaction of the type Aþ B�!
k

Products, with RðhCAi; hCBiÞ ¼

khCAihCBi, where the reactants are fed as

CA;inðx
0
Þ ¼ 2

x0

a

� �2

hCini

CB;inðx
0
Þ ¼ 2 1�

x0

a

� �2
" #

hCini

such that hCA;inðxÞi ¼ hCB;inðxÞi ¼ hCini but CA;m;inaCB;m;in. Here
CA;m;in ¼ 2

3
hCini; CB;m;in ¼ 4

3
hCini; w1;A ¼ � 1

60
hCini, and w1;B ¼ 1

60
hCini.

Figure 13 shows how the steady-state exit conversion X ½¼ 1� CB;mðz ¼

1Þ=CB;m;in� varies with the Damköhler number Da for different values of the
dimensionless mixing time Zð¼ tmix=tÞ. The figure shows how non-uniform
feeding could significantly reduce the conversion as compared to premixed feed
for the case of a bimolecular second-order reaction (e.g. by a factor of 2 for the
case of Z ¼ 0:1), when mixing limitations are present in the system.
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2. Single Non-isothermal Reaction in a Tubular Reactor: Mixing Effects on

Multiplicity Features

It is well known that a tubular reactor model with no macromixing (i.e.
Per � 1) and perfect micromixing (Z ¼ 0) exhibits no multiple solutions, even in
the presence of autocatalytic (e.g. non-isothermal) kinetics. However, even in
the presence of small micromixing limitations (i.e. Z40), the reaction–diffusion
problem at the local scale starts generating multiple solutions (if the kinetics is
autocatalytic), leading to multiplicity in the solution of the full CDR equation at
the global scale. While this feature could be captured by the full CDR
equations, it is completely missed by the traditional low-dimensional models,
such as the plug-flow model.

The multi-mode model for a tubular reactor, even in its simplest form (steady
state, Per � 1), is an index–infinity differential algebraic system. The local
equation of the multi-mode model, which captures the reaction–diffusion
phenomena at the local scale, is algebraic in nature, and produces multiple
solutions in the presence of autocatalysis, which, in turn, generates multiplicity
in the solution of the global evolution equation. We illustrate this feature of the
multi-mode models by considering the example of an adiabatic ða ¼ 0Þ tubular
reactor under steady-state operation. We consider the simple case of a non-
isothermal first order reaction

A�!
k

Products

with Arrhenius kinetics, where the rate of consumption of A, rðhci, and hyfi) is
given by

rðhci; hyfiÞ ¼ hci exp
hyfi

1þ hyfi=g

� �
(259)

and the multi-mode model is given by

dcm

dDa
¼ �hci exp

hyfi
1þ hyfi=g

� �
(260)

cm � hci ¼ Dalochci exp
hyfi

1þ hyfi=g

� �
(261)

dyfm
dDa

¼ Bhci exp
hyfi

1þ hyfi=g

� �
(262)

yfm � hyfi ¼ �Daloc
B

Lef
hci exp

hyfi
1þ hyfi=g

� �
(263)
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with the initial conditions cm ¼ 1 and yfm ¼ 0 at Da ¼ 0, where Daloc is the local
Damköhler number, given by

Daloc ¼
tmix

tR
¼ ktmix ¼ ZDa

and B is the Zeldovich number (dimensionless adiabatic temperature rise).
Equations (260)–(263) form a set of differential-algebraic equations which has

a unique solution when the two algebraic equations [(261) and (263)] themselves
have unique solution of hci (and hyfi) for any fixed cm (and yfm). Equivalently,
the above system has multiple solutions only when Eqs. (261) and (263)
evaluated at the reactor exit conditions begin to have multiple solutions. For
LefX1 (typical fluid Lewis numbers vary between 1 and 100), and for g ! 1,
the hysteresis variety for the above set of equations is given by

F ¼
@F

@hyfi
¼

@2F

@hyfi2
¼ 0 (264)

where

F ¼ hyfi � yfm �
Daloc

Lef

ðB� yfmÞ expðhyfiÞ
1þDaloc expðhyfiÞ

(265)

Solving Eq. (264), the hysteresis locus is obtained in parametric form as

yfm;exit ¼
ð4� sÞ exp½s� 2� � s

1þ 1� 1
Lef

� 	
exp½s� 2�

; �1oso2 (266)

hyfiexit ¼ yfm;exit þ 2 (267)

B ¼ yfm;exit þ 4Lef (268)

Daloc ¼ ZDa ¼ exp½�2� yfm;exit� (269)

Da ¼

Z 2þyfm;exit

sþyfm;exit

exp½�y� � ð3þ yfm;exit � yÞ exp½�2� yfm;exit�

½4Lef þ yfm;exit � y�
dy (270)

For very small values of the micromixing time, Z and for Lef ¼ 1 (turbulent
flows), Eqs. (266)–(270) may be simplified to

yfm;exit ¼ B� 4 (271)

hyfiexit ¼ B� 2 (272)



0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.0001 0.001 0.01 0.1 1

D
a

2

4

6

8

10

12

14

B

Region of Multiple Solutions

A Products
Lef = 1

Da = k��C

k

η (= tmix/�C)

FIG. 14. Hysteresis loci in (Da, Z) and (B, Z) planes for a first-order non-isothermal reaction in an

adiabatic tubular reactor.

SPATIALLY AVERAGED MULTI-SCALE MODELS 267
B Da � 1þ
1

B
(273)

Z � ðB� 1Þ exp½2� B� (274)

Figure 14 presents the hysteresis loci [given by Eqs. (266)–(270)] in the (Da, Z)
and the (B,Z) planes, for the case of Lef ¼ 1. For any finite value of the
micromixing time, Z, the hysteresis locus gives the minimum value of B required
to produce multiplicity. It could be observed from Fig. 14 that as Z increases,
the critical value of B required to produce multiple solutions, decreases, finally
reaching the asymptotic limit of 4. It could also be noticed that for even for very
small values of Z, the critical value of B is reasonably low (e.g. for gas-phase
reactions Z � 0:05, Bcritical ¼ 6:74; for liquid-phase reactions Z � 1, Bcritical ¼ 4),
indicating that in practice, multiple solutions resulting from micromixing
limitations and autocatalytic kinetics are present in all tubular reactors. Thus,
the above results clearly contradict the traditional belief that an adiabatic
laminar flow reactor (with no axial dispersion) has only one possible steady
state, even in the presence of autocatalytic kinetics.
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Numerical computations and experiments have revealed that a small change
in the operating variables leads to a very large change in the behavior of
adiabatic tubular reactors. This phenomenon has been referred to as
‘‘parametric sensitivity’’ in the prior literature (Bilous and Amundson, 1955;
Morbidelli and Varma, 1982). The reason for ‘‘parametric sensitivity’’ could be
attributed to the presence of multiple steady states in tubular reactors with
mixing limitations (at the local scale). As shown above, if the local mixing
limitations exceed Zcrit [given by Eq. (274)], the local equation can have multiple
solutions and the reactor might ignite locally. Under such conditions (i.e.
ZXZcrit), when one of the operating variables is changed slightly, the local
temperature jumps from the stable extinguished steady-state branch to the
stable ignited steady-state branch, resulting in local hot spots. Thermal
micromixing limitations prevent these local hot spots from being extinguished
immediately, and they are carried downstream, where they are eventually
stabilized due to transverse diffusion and depletion of the reactant.

The most important observation that follows from the above analysis of the
multi-mode model is that in almost all practical cases, tubular reactor
instabilities arise due to mixing/diffusional limitations at the small scales and
spread over the reactor. In contrast, pseudohomogeneous models predict
(erroneously) that reactor instabilities (ignition, multiple solutions, etc.) arise
due to macromixing limitations at the reactor scale.
3. Single Bimolecular Reaction in a CSTR: Micromixing Effects on Conversion

Second-order reactions provide the simplest example of nonlinear kinetics,
where micromixing limitations have significant effects on reactant conversion.
We use the two-mode model to determine the same for a typical bimolecular
second-order reaction of the type

Aþ B�!
k

P with rate ¼ kCACB

occurring in a CSTR. We consider the case of species A and B being fed in
stoichiometric amounts, but use two different feeding strategies, namely
uniform (premixed) and distributed feeding. In uniform feeding, the reactants
are mixed completely before entering the tank and fed as a single stream, while
in distributed feeding species A and B are fed separately as two different feed
streams of different concentrations (but in stoichiometric amount). Defining
qinA ðc

in
A Þ and qinB ðc

in
B Þ to be the flow rates (concentrations) of entering feed streams

containing pure A and B, respectively, with qinAc
in
A ¼ qinB c

in
B , the mean inlet

concentration becomes cinm ¼ qinAc
in
A=ðq

in
A þ qinB Þ ¼ qinB c

in
B =ðq

in
A þ qinB Þ. Therefore, by

changing qinA : qinB from 1:2 to 1:19 [curve (a)–(d) in Fig. 15] with corresponding
change of cinA and cinB keeping cinm constant, the feed stream containing B becomes
more diluted, while A feed stream becomes more concentrated. This
corresponds to more mixing limitations within tank and changes mixing times
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TABLE I

MIXING TIMES FOR FIG. 15

tAmix;1=tc tAmix;2=tc tBmix;1=tc tBmix;2=tc

Premixed 0.1 0.1 0.1 0.1

Unmixed (a) 0.1028 0.1417 0.1028 0.0833

Unmixed (b) 0.1090 0.2350 0.1090 0.0775

Unmixed (c) 0.1160 0.4800 0.1160 0.0756

Unmixed (d) 0.1203 0.9775 0.1203 0.0751
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as shown in Table I (cases a, b, c, and d corresponding to qinA=q
in
B ¼ 1

2
; 1
4
; 1
9
, and 1

19
,

respectively). The mixing times are calculated by considering a two-zone tank
(see Bhattacharya et al. (2004), for details). The results are shown in Fig. 15,
where the conversion is plotted as a function of reactor Damköhler number
(Da). As expected intuitively, the unmixed feed can significantly affect the
reactor conversion compared to the premixed feed, as the difference between the
concentrations (mixing times) of the two entering streams increases.
4. Competitive–Consecutive Reaction in a CSTR: Micromixing Effects on

Selectivity

Next we consider the competitive–consecutive reaction between species A and
B of the type

Aþ B�!
k1

R (275)
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Bþ R�!
k2

S (276)

which is encountered very often in many multi-step homogeneous reactions
including diazo coupling between 1-napthanol and diazotized sulfanilic acid,
where k1=k2 � 1. The latter has been studied extensively, both theoretically
(Angst et al., 1982a, b) and experimentally (Angst et al., 1982a, b; Bourne et al.,
1981; Zlokarnik, 2002), where it has been shown that the selectivity or yield of
the products (R or S) is extremely sensitive to mixing and can differ significantly
depending on the absolute value of qinA=q

in
B , where q

in
A and qinB are the flow rates of

entering streams containing pure A and B, respectively with qinAC
in
A ¼ qinBC

in
B (as

considered in the previous example). The selectivity is in general expressed as
the fraction of B converting to S and can be defined as XS ¼ 2CS=ð2Cs þ CRÞ.
In the literature, two opposing facts of XS increasing and decreasing with
increasing qinA=q

in
B have been reported under different reaction conditions. In

order to validate these experimental observations, Bhattacharya et al. (2004)
changed the ratio of the flow rates qinA=q

in
B keeping total number of moles of A

and B entering the CSTR constant ðqinAC
in
A ¼ qinBC

in
B Þ. Following the same

procedure as illustrated in previous example (two-zone tank), the mixing times
for species A, B, R, and S are calculated with the assumption of td being same
for all species. Then, the exit cup-mixing concentrations are calculated for k1 ¼
100k2 and plotted XS ¼ 2CmS=ð2CmS þ CmRÞ as a function of Da ¼ k2C

in
mtc in

Fig. 16. In Fig. 16(A), the results are calculated for a case where micromixing
time is of same order as macromixing time, whereas in Fig. 16(B), the results are
calculated for a case where micromixing effect is negligible compared to
macromixing. In both the figures, curves (a), (b), (c), and (d) correspond to
qinA=q

in
B ¼ 1

1;
1
4;

1
9, and

1
19, respectively. As can be observed, the yield of S decreases

with increasing qinA=q
in
B for micromixing dominated situations, while it increases

with increasing qinA=q
in
B for macromixing dominated reactor. Another point to be

mentioned is that for the first case all mixing times are positive, while the second
mixing time of concentrated species is negative for macromixing dominated
case.
5. Prediction of Micromixing Effects on Polymer MWD in Tank Reactors

It is well known that in polymerization reactions, mixing affects monomer
conversion, copolymer distribution, and molecular weight distribution (MWD)
(Villermaux, 1991). In linear polymerization systems, imperfect mixing is found
to broaden the MWD, while in nonlinear polymerization with significant
branching, depending on reaction conditions, imperfect mixing can broaden or
narrow the MWD (Zhang and Ray, 1997). Here, we verify the first of the two
above-mentioned observations by examining the case of an anionic polymeriza-
tion using the two-mode model for a CSTR. Anionic polymerization, often used
industrially to produce polymers of narrow MWD, is typically characterized by
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the lack of a termination step. The kinetics is

I þM �!
kI

P1

Pj þM �!
kI

Pjþ1

where the rate of the initiation (assuming a constant initiator concentration) is
given by

RI ¼ kIM



0 500 1000 1500 2000 2500 3000
0

0.1

0.2

0.3

0.4

0.5

η
 = 0

η
 = 1

η
 = 2

η
 = 5

 

M
W

D

n

FIG. 17. Effects of mixing on polymer properties: variation of MWD with chain length n, for

different values of the dimensionless mixing time, Z.

SAIKAT CHAKRABORTY AND VEMURI BALAKOTAIAH272
while the rate of propagation is given by

RP ¼ kPMPj

where kI and kP are the initiation and propagation rate constants, res-
pectively.

Application of the two-mode models for a CSTR to the above kinetics results
in a set of nonlinear algebraic equations, which when solved gives the MWD
and the polydispersity index (PDI). For the case of premixed feed, Fig. 17 shows
the variation of the MWD with n, where MWD is defined as

MWD ¼
n2PnP1

n¼1nPn

(277)

and n is the chain length of a polymer chain Pn. The MWDs shown in Fig. 17
correspond to the parameter values of Da ¼ kI tC ¼ 10�3 and kP=kI ¼ 2� 105,
where Da is the Damköhler number and tC is the residence time of the tank.
While the Z ¼ 0 case shows that the MWD for a perfectly mixed CSTR is fairly
narrow, a significant broadening of the MWD is observed as the dimensionless
mixing time of the system, Zð¼ tmix=tCÞ, is increased.
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V. Spatially Averaged Multi-mode (Multi-scale) Models for
Catalytic Reactors
A. WALL-CATALYZED REACTIONS

We consider the case of a single heterogeneous wall-catalyzed reaction
involving M species given by

XM
j¼1

mjAj ¼ 0

where mj is the stoichiometric coefficient of species j, with mj40 if Aj is a product
and mjo0 if Aj is a reactant. The governing CDR equation for the jth species
(j ¼ 1; 2; . . . ;M) in the above reaction occurring in a tubular reactor with fully
developed laminar flow is given in dimensionless form by

1

x
@

@x
x
@cj
@x

� �
þ

1

x2
@2cj
@j2

� �
¼ p kj

@cj
@t

�
p

kjPe2r

@2cj
@z2

þ uðxÞ
@cj
@z

� �
9pf ðcj ; p; p

	Þ

(278)

with initial and boundary conditions given by

@cj
@x






x¼1

¼ p
Das

2
kjmjrwðc1;s; c2;s; . . . ; cM ;sÞ (279)

cjðx;j; z; tÞ ¼ cjðx;jþ 2p; z; tÞ (280)

p

kj Pe2r

@cj
@z

¼ uðxÞ½cj � cj;in� at z ¼ 0;
@cj
@z

¼ 0 at z ¼ 1 (281)

cjðx;j; z; t ¼ 0Þ ¼ cj0 (282)

In the above equations, cj,s is the surface/wall concentration of species j, rw (c1,s,
c2,s,y,cM,s) is the dimensionless intrinsic rate of surface reaction, Das is the
reactor scale Damköhler number, which are given by

cj;s ¼ cjjx¼1 ¼ hcji þ c0jjx¼1

rwðc1;s; c2;s; . . . ; cM ;sÞ ¼
RwðC1;s;C2;s; . . . ;CM ;sÞ

RwðCRÞ
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Das ¼
2LRwðCRÞ

huxiaCR

while the other symbols retain their usual meanings. As in the single
homogeneous reaction case, we represent rw(c1,s,c2,s,y,cM,s) by rw(cs) and
Rw(C1,s,C2,s,y,CM,s) by Rw(Cs) for the sake of simplicity.

It may be noted that the above set of equations has a zero eigenvalue and a
corresponding constant eigenfunction for p ¼ 0, making spatial averaging by
L–S technique possible. Using the averaging theory outlined in Section II, the
spatially averaged low-dimensional model for heterogeneous wall-catalyzed
reactors to O(p) is obtained as

@hcji

@t
þ

@cj;m
@z

�
p

kjPe2r

@2hcji

@z2
� mjDasrwðcsÞ ¼ 0 (283)

cj;m � hcji

Z kj
¼ �

@cj;m
@z

� b2mjDasrwðcsÞ (284)

cj;s � hcji

Z kj
¼ b3

@cj;m
@z

þ
b4
b1

mjDasrwðcsÞ (285)

where b4 is given by Eq. (211) for tubular geometry and b12b3 are given as by
Eqs. (212)–(214). The boundary and initial conditions for this averaged model
are same as those in the case of homogeneous tubular reactor [Eqs. (132)–(134)].

It may be noticed that unlike in the isothermal homogeneous tubular reactor
models, which were ‘‘two-mode models’’, the catalytic reactor models are
‘‘three-mode models’’, the three modes being the spatially averaged ðhcjiÞ,
mixing-cup (cj,m), and surface or wall (cj,s) concentrations. The cup-mixing and
wall concentrations are necessary to describe the mass transfer between the bulk
and the wall [Eq. (285)] while the two-modes cj,m and hcji describe micromixing
that occurs in the fluid phase [Eq. (284)] due to transverse velocity gradients and
transverse molecular diffusion. Traditional two-phase models of catalytic
reactors that use only the wall and the cup-mixing concentrations ignore this
term which can be important in transient operation of the reactor.

It should be noted that it is possible to eliminate hci from Eq. (283) and write
the model in two-mode form using cm and cs. For the simple case of single
reaction A ! B, the two-mode model for a wall-catalyzed reactor is given by

1�
p

24
Das

@rw
@c

ðcsÞ

� �
@cm
@t

þ
@cm
@z

þ
p

48

@2cm
@z@t

�
p

Pe2r

@2cm
@z2

þDasrwðcsÞ ¼ 0 (286)

cs � cm ¼
p

16

@cm
@z

�
p

6
DasrwðcsÞ (287)
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where the symbol c now represents the concentration of the reactant A. In this
form, the applicability of the model is limited to the parameter range in which
the term in square bracket does not vanish.

1. Limiting Cases

We now consider various limiting cases using the example of a single reaction
A ! B.

The first limiting case we consider is that of steady-state limit with negligible
axial dispersion ðPer � 1Þ. For this case, Eqs. (286) and (287) reduce to the two-
mode form given by

cs � cm
11
48
p

¼
dcm

dz
¼ �DasrwðcsÞ; with cmjz¼0 ¼ cm;in (288)

In this form, the two-mode model is identical to the classical steady-state two-
phase model of a tubular catalytic reactor with negligible axial dispersion. There
is also a striking structural similarity between the two-mode models for
homogeneous reactions and two-phase models for catalytic reactions in the
practical limit of Per � 1. This could be seen more clearly when Eqs. (137) and
(138) are rewritten as

dcm

dz
¼

hci � cm

b1p
¼ �DarðhciÞ with cmjz¼0 ¼ cm;in (289)

and Eq. (288) is written as

dcm

dz
¼

cs � cm

b5p
¼ �DasrwðhciÞ with cmjz¼0 ¼ cm;in (290)

where b1 ¼
1
48

and b5 ¼
11
48

for laminar flow tubular reactors, and

ZTP ¼ b5p (291)

is the dimensionless two-phase transfer time. The reciprocals of b1 and b5 are
the asymptotic Sherwood numbers or dimensionless mass transfer coefficients
for exchange between the two modes. There is an exact one to one
correspondence between the two-mode models of homogeneous reactions and
the two-phase models of catalytic reactions. For example, just as the reaction
rate in the two-phase model is not evaluated at the mixing-cup concentration cm
but at the wall concentration cs, similarly the reaction rate term in the two-mode
homogeneous reactor model is evaluated at the spatially averaged concentration
hci. Also analogous to the dimensionless two phase transfer time, ZTPð¼ b5pÞ, in
the two-phase model is the dimensionless local mixing time, Zð¼ b1pÞ, in the
two-mode model.

The second limiting case we consider is that of linear kinetics with negligible
axial diffusion ðPer � 1Þ. For this case, the averaged model can be written in
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terms of the mixing-cup concentration as

2

3
þ

1

3

1þ f2
s=24

1þ f2
s=6

" #
@cm
@t

þ 1þ
f2
s=16

1þ f2
s=6

" #
@cm
@z

þ
p

48

1þ f2
s=24

1þ f2
s=6

" #
@2cm
@z@t

þ
Das

1þ f2
s=6

cm ¼ 0 ð292Þ

where

f2
s ¼ pDas (293)

is the local Damköhler number. For the case of f2
s ! 0 (slow wall reaction), Eq.

(292) reduces to

@cm
@t

þ
@cm
@z

þ
p

48

@2cm
@z@t

þDascm ¼ 0 (294)

while for the case of f2
s ! 1 (infinitely fast wall reaction or the mass-transfer-

controlled limit), it may be written as

@cm
@t

þ
11

6

@cm
@z

þ
p

144

@2cm
@z@t

þ
8

p
cm ¼ 0 (295)

Comparing this with the slow reaction case, we note that the effective velocity
has increased (by a factor 1.83), the dispersion coefficient is reduced by a factor
3 while the apparent reactor scale Damköhler number changed from Das to 8/p.

The last limiting case we consider is the practical case of long tubes where the
axial dispersion term may be neglected. For this case, it is more convenient to
write the three-mode model given by Eqs. (283)–(285) in the following form:

p
24
@hci
@t

p
24
@cm
@z

DasrwðcsÞ

0BB@
1CCA ¼

�11 8 3

8 �6 �2

3 �2 �1

0B@
1CA hci

cm

cs

0B@
1CA (296)

with initial and boundary conditions

hciðz; t ¼ 0Þ ¼ c0ðzÞ; cmðz; t ¼ 0Þ ¼ cm0ðzÞ; cmðz ¼ 0; tÞ ¼ cm;inðtÞ (297)

This model reduces to the two-phase model given by Eq. (288) under steady-
state conditions. However, for the general case of time-varying inlet conditions
this model retains all the qualitative features of the full partial differential
equation model and while the traditional two-phase model which does not
distinguish between cm and hci ignores the dispersion effect in the fluid phase.
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B. COUPLED HOMOGENEOUS AND WALL-CATALYZED REACTIONS

We now consider the case of coupled homogeneous and wall-catalyzed
reactions involving M species occurring in a tubular reactor. The homogeneous
reaction is of the form

XM
j¼1

njAj ¼ 0

while the wall-catalyzed reaction is of the form

XM
j¼1

mjAj ¼ 0

where nj and mj are the stoichiometric coefficient of species j in the homogeneous
and the wall-catalyzed reactions, respectively, with nj40 if Aj is a product in the
homogeneous reaction and mj40 if Aj is a product in the wall-catalyzed
reaction. If species Aj does not participate in the homogeneous (wall-catalyzed)
reaction, then njðmjÞ is zero.

The governing CDR equation for the jth species is given by Eq. (123), with
initial and boundary conditions being given by Eqs. (279)–(282). As in the case
of wall-catalyzed reactions, the local/transverse diffusion operator has a zero
eigenvalue and a corresponding constant eigenfunction, thus enabling spatial
averaging by L–S technique. In this case, the low-dimensional model is
described by three modes, namely, the spatially averaged concentration hcji, the
cup-mixing concentration cj,m, and the wall (or surface) concentration cj,s, and is
given for the jth species ðj ¼ 1; 2; . . . ;MÞ by

@hcji

@t
þ

@cj;m
@z

�
p

kjPe2r

@2hcji

@z2
¼ njDa rðhciÞ þ mjDasrwðcsÞ (298)

along with Eqs. (284)–(285), with Eqs. (132)–(134) as boundary and initial
conditions. The coefficients b1 � b4 are given by Eqs. (211)–(217).

It is interesting to note the above equations that mixing in the fluid phase
(which is described by the exchange between cj,m and hcji), and transfer between
phases (which is described by the exchange between cj,m and cj,s) are both
influenced not only by the rate of the homogeneous reaction and the local
mixing time but also by the rate of the wall reaction and the two-phase transfer
time. These rigorously derived low-dimensional models thus illustrate that for
the case of coupled homogeneous–heterogeneous reactions, the system cannot
be described by a single transfer/exchange time, as has been traditionally done.
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C. NON-ISOTHERMAL REACTOR MODELS

1. Wall-catalyzed Reactions

The low-dimensional model for non-isothermal wall-catalyzed reaction in a
tubular reactor is given by Eqs. (283)–(285) and

�
@hyfi
@t

þ ssf ð1� �Þ
@hysi
@t

þ �
@yfm
@z

¼

p

Pe2rLef
�
@2hyfi
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� �
þ

1� �

k

� �
@2hysi
@z2

þ�BsDasrwðhci; hyfiÞ � Stðhysi � yCÞ

0B@
1CA
(299)

yfm � hyfi
ZH

¼ �
@yfm
@z

þ b2
1

�

ssf ð1� �Þ@hysi@t

��BsDasrwðhci; hyfiÞ þ Stðhysi � yCÞ

" #
(300)

hysi � hyfi
ZH

¼ b3
@yfm
@z

�
b4
b1

1

�

ssf ð1� �Þ@hysi@t

��BsDasrwðhci; hyfiÞ þ Stðhysi � yCÞ

" #
(301)

with boundary and initial conditions being given by Eqs. (132)–(134), (204), and
(205), where Bs is the Zeldovich number for the wall-catalyzed reaction and all
other symbols retain their usual meanings.
2. Coupled Homogeneous and Wall-catalyzed Reactions

The low-dimensional model for coupled non-isothermal homogeneous and
wall-catalyzed reactions in a tubular reactor is given by Eqs. (284), (285), (298),
(300), and (301) and

�
@hyfi
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þ ssf ð1� �Þ
@hysi
@t

þ �
@yfm
@z

¼

p

Pe2Lef
�
@2hyfi
@z2

þ
1� �

k

� �
@2hysi
@z2

� �
þ�½BDa rðhci; hyfiÞ þ BsDasrwðcS; ysÞ�

�Stðhysi � yCÞ

0BBB@
1CCCA

(302)

with boundary and initial conditions being given by Eqs. (132)–(134), (204), and
(205).
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D. EXAMPLES ILLUSTRATING USE OF MULTI-MODE CATALYTIC REACTOR MODELS

1. Wall-catalyzed Reactions

We apply the low-dimensional convection model [Eq. (288)] to the simple case
of a isothermal bimolecular wall-catalyzed reaction occurring in a tubular
reactor. For the reaction

Aþ B�!
ks

P; with rate ¼ ksCACB

where ks is the second-order surface rate constant, and for the case in which the
molecular diffusivities of A and B are assumed to be equal, the balance
equations in dimensionless form are given by

dcA;m

dz
¼ �DashcAihcBi ¼

dcB;m

dz
with cA;mjz¼0 ¼ cA;in; cB;mjz¼0 ¼ cB;in (303)

cA;m � hcAi ¼ ZTPDashcAihcBi ¼ cB;m � hcBi (304)

where

Das ¼
2ksCA;intC

a
; ZTP ¼ b5p (305)

Figure 18 shows the variation of conversion

X ¼ 1�
cA;mjz¼1

cA;in
(306)

with reactor-scale Damköhler number Das for different values of dimensionless
two-phase transfer time ZTP, for the case of stoichiometric feeding
(cA;in ¼ CB;in). The case of ZTP ¼ 0 corresponds to the case of an ideal PFR,
where conversion X is given by X ¼ Das=ð1þDasÞ. In the limit of mass transfer
control, i.e. ZTP40, Das ! 1 (but ZTPDas is finite), cA;s ! 0, cB;s ! 0, and
conversion is given by

X1 ¼ 1� exp �
1

ZTP

� �
(307)

Figure 18 illustrates these asymptotic limits.

2. Coupled Homogeneous and Wall-catalyzed Reactions

In this example, we examine the effects of mixing and mass transfer
limitations on the yields of competitive–consecutive reactions of the type

Aþ B�!
k1

R ðhomogeneousÞ (308)
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Bþ R�!
k2S

S ðcatalyticÞ (309)

occurring in an isothermal tubular reactor in which the first reaction [Eq. (308)]
is a homogeneous one, which occurs in the bulk fluid phase, and the second
reaction [Eq. (309)] is catalytic. As in the homogeneous case, if the first reaction
is infinitely fast as compared to the second one (i.e. k1=k2s ! 1), and A and B

are fed in stoichiometric ratio, under perfectly micromixed conditions, B is
completely consumed in the homogeneous reaction and the catalytic reaction
does not occur. However, if micromixing limitations are present in the fluid
phase, the homogeneous reaction attains a mixing limited asymptote resulting in
a local excess of B, which can take part in the catalytic reaction. We use the
multi-mode steady convection model for coupled homogeneous–heterogeneous
reactors to quantify the yield of S (YS) under such conditions, where

YS ¼
2cS;mjz¼1

2cS;mjz¼1 þ cR;mjz¼1

(310)
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The multi-mode model for the above reaction scheme in an isothermal tank
reactor is given by

dcA;m

dz
¼ �DahcAihcBi (311)

dcB;m

dz
¼ �½DahcAihcBi þDascB;scR;s� (312)

dcR;m

dz
¼ DahcAihcBi �DascB;scR;s (313)

cA;m � hcAi

Z
¼ DahcAihcBi (314)

cB;m � hcBi

Z
¼ DahcAihcBi þ ð1þ b2ÞDascB;scR;s (315)

cC;m � hcRi

Z
¼ �DahcAihcBi þ ð1þ b2ÞDascB;scR;s (316)

cA;s � hcAi

Z
¼ �b3DahcAihcBi (317)

cB;s � hcBi

Z
¼ �b3DahcAihcBi � b3 þ

b4
b1

� �
DascB;scR;s (318)

cR;s � hcRi

Z
¼ b3DahcAihcBi þ b3 þ

b4
b1

� �
DascB;scR;s (319)

where Dað¼ k1CA;intCÞ is the Damköhler number of the homogeneous reaction,
Dasð¼ 2k2sCA;intC=aÞ is the Damköhler number of the catalytic reaction, and
Zð¼ tmix=tCÞ is the dimensionless local mass micromixing time, which is assumed
to same and equal for all species. For the case of a laminar flow reactor
considered here, b1 ¼

1
48
, b2 ¼ 2, b3 ¼ 2, b4 ¼

1
8
. In this example, we consider the

case, where the first reaction is infinitely fast as compared to the second one, i.e.
Da ¼ k1CA;intC ! 1, and attains a mixing limited asymptote within a very
short residence time in the reactor. Using the formula for mixing limited
conversion in a tubular reactor (Chakraborty and Balakotaiah, 2002a), the local
excess of B that remains after the first reaction attains its mixing-limited
asymptote is obtained as
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c1B;m
cin

¼ exp �
1

Z

� �
(320)

the amount of R formed from the first reaction is given by

c1R;m

cin
¼ 1� exp �

1

Z

� �
(321)

The catalytic reaction is simply a bimolecular reaction between B and R, with
boundary conditions given by cB;mjz¼0þ ¼ c1B;m; cR;mjz¼0þ ¼ c1R;m. The yield of S
increases monotonically as the Damköhler number of the catalytic reaction,
Das, increases, and finally attains an asymptotic value when the catalytic
reaction reaches its mass transfer limited asymptote. This feature is illustrated in
Fig. 19, where the variation of YS with Das is shown. It is interesting to note
from Fig. 19, that the value of the mass transfer limited asymptote depends on
the micromixing limitation of the homogeneous reaction. Larger is the
micromixing limitation (Z) of the homogeneous reaction, more is the local
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excess of (unreacted) B that can participate in the catalytic reaction. However,
as could be seen from Fig. 19, the maximum yield of S(YS) is obtained when
c1B;m ¼ c1R;m, i.e. when Z ¼ �1=ln 0:5 ¼ 1:4427. If Z41:4427, R becomes the
limiting reactant in the catalytic reaction (instead of B), leading to decrease in
the yield of S.
VI. Accuracy, Convergence and Region of Validity of Multi-mode/
Multi-scale Averaged Models
In this section, we consider briefly the accuracy and convergence aspects of
the multi-mode models derived by the L–S method. We also illustrate the
regularization procedure used for the local equation(s) to increase the region of
convergence of the multi-mode models.
A. ACCURACY

It follows from the procedure explained in Section II that the global equation
is a Taylor series expansion of the nonlinear operator around some base point,
while the local equation is a perturbation series in p. Thus, the accuracy and
convergence properties of the averaged equation depend on the parameter p, the
specific nonlinear operator f(c), and the initial and boundary conditions. For
example, the global equation converges iff the Taylor series expansion of f(c)
around the base point c ¼ hci converges. Similarly, if the perturbation
expansion for c0 does not converge, then the local equation and hence the
averaged model does not exist.

The accuracy of the averaged model truncated at order pqðqX0Þ thus depends
on the truncation of the Taylor series as well as on the truncation of the
perturbation expansion used in the local equation. The first error may be
determined from the order pqþ1 term in Eq. (23) and may be zero in many
practical cases [e.g. linear or second-order kinetics, wall reaction case, or
thermal and solutal dispersion problems in which f and rw(c) are linear in c] and
the averaged equation may be closed exactly, i.e. higher order Fréchet
derivatives are zero and the Taylor expansion given by Eq. (23) terminates at
some finite order (usually after the linear and quadratic terms in most
applications). In such cases, the only error is the second error due to the
perturbation expansion of the local equation. This error e for the local Eq. (20)
truncated at O(pq) may be expressed as

�ðz; t; p; p	Þ ¼
X1
i¼q

piþ1Eiþ1ðz; t; p
	Þ (322)
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where the function Eiþ1ðz; t; p	Þ depends on the specific nature of the nonlinear
operators f and rw(c). The magnitude of the truncation error of the local
equation depends on the convergence properties of the series given by Eq. (322),
which could only be evaluated on a case to case basis.

It should also be noted that this ‘‘model accuracy’’ is distinct from the
‘‘solution accuracy’’ (or error), which is defined by

�̂ðz; t; pÞ ¼ khciðz; t; pÞ � hcieðz; t; pÞk (323)

where hciðz; t; pÞ is the solution of the truncated (at order pq) averaged model,
while hcieðz; t; pÞ is the exact solution of the CDR equation and jj 
 jj is a norm in
the appropriate Banach space. For example, for steady-state problems, the
quantity of practical interest is the exit concentration. In this case, we simply
take

�̂ðpÞ ¼ jhciðz ¼ 1; pÞ � hcieðz ¼ 1; pÞj (324)

In general, it is not possible to obtain exact expressions for �̂ as it requires
knowledge of the exact solution of hcie as well as the solution of the truncated
model. However, an estimate of the order of magnitude of the error may be
obtained by simply expanding it in a Taylor series around p ¼ 0. For example,
for p ! 0, we have

�̂ðz; t; pÞ ¼ pqþ1E1ðz; t; pÞ (325)

where the function E1 (with E1ðz; t; 0Þa0) depends on the specific nonlinear
operator f. Thus, for the common case of q ¼ 1 and p � 1; �̂ ¼ Oðp2Þ.

The accuracy of low-dimensional models derived using the L–S method has
been tested for isothermal tubular reactors for specific kinetics by comparing the
solution of the full CDR equation [Eq. (117)] with that of the averaged models
(Chakraborty and Balakotaiah, 2002a). For example, for the case of a single
second order reaction, the two-mode model predicts the exit conversion to three
decimal accuracy when for f2

ð¼ pDaÞp1, and the maximum error is below 6%
for f2

� 20, where f2
ð¼ pDaÞ is the local Damköhler number of the reaction.

Such accuracy tests have also been performed for competitive–consecutive
reaction schemes and the truncated two-mode models have been found to be
very accurate within their region of convergence (discussed below).
B. CONVERGENCE

We now consider the convergence aspects of the averaged models by
considering some specific cases.
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1. Homogeneous Reactions

As our first example, we consider the case of a first-order homogeneous
reaction A ! B in a laminar flow tubular reactor for which the global equation
is linear in c (i.e. rðhciÞ ¼ hci) and is therefore completely closed. To obtain the
range of convergence of the two-mode model, we need to consider only the local
equation. In this specific case, the reduced model equations to all orders of p are
then given by

dcm

dz
¼ �Dahci (326)

cm ¼ hci 1þ
X1
i¼1

biðpDaÞi

" #
(327)

where b1 ¼
1
48, b2 ¼ � 1

11;520, b3 ¼
59

77;41;440, etc. Substituting hci from Eq. (138) to
Eq. (137), we get

dcm

dz
¼ �Da

cm

1þ
P1

i¼1 biðpDaÞi
� � (328)

The averaged model given by Eq. (328) can be expanded in a convergent power
series expansion in f2

ð¼ pDaÞ provided the infinite series in the denominator of
Eq. (328) is convergent. The series ð1þ

P1

i¼1 bif
2i
Þ is convergent if ro1, where

r is defined by

lim
n!1

bnþ1

bn
f2

¼ r (329)

The first 20 of the coefficients bi have been calculated and from these, the
convergence criterion for the above series is obtained as (Chakraborty and
Balakotaiah, 2002a)

pDao41:17

that is

Daloco0:858 (330)

where Daloc is the local Damköhler number, given by Daloc ¼ tmix=tR ¼ Z
Da ¼ b1f

2, where Z is the dimensionless local mixing time, given by

Z ¼ tmix=tC

Criterion (330) specifies the range of validity of the two-mode models for the
case of uniform inlet feeding.
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A similar convergence test for the case loop and recycle reactors (with large
recycle ratio) shows that the terms in the local equation when arranged in
ascending order of p change sign alternately (with a finite ratio), thus
significantly increasing the radius of convergence, and guarantees convergence
for most cases of practical interest. As a result, the two-mode models for
homogeneous reactors remain accurate as long as the local Damköhler number,
Daloc does not exceed a critical value, which is of order unity. When this is not
the case (i.e. Daloc � 1) the two-mode models do not converge indicating that
the scale separation breaks down. In this case of fast reactions, the reaction
length scale becomes smaller than the meso length scale (e.g. tube diameter) so
that diffusion is no longer the dominant mechanism at the local scale. In such
cases, it is possible to have solutions of the CDR equation (e.g. for autocatalytic
kinetics) with length scales smaller than the meso scale, i.e. patterned solutions
(Balakotaiah and Chakraborty, 2003; Balakotaiah et al., 2002).

2. Catalytic Reactors

For the case of the wall-catalyzed reaction A ! B, the global equation is
closed for any type of kinetic expression rw(c). [Unlike the homogeneous
reaction case, here the reaction rate r is evaluated at the surface concentration
cs, which contains all the fluctuation modes (c0) about the mean /cS.] Thus,
convergence of the model depends only on the local equation. For the special
case of linear kinetics, flat velocity, and Per ! 1, the local equation was
determined to be

cm � cs ¼ cs
X1
i¼1

bif
2i
s

" #
(331)

where b1 ¼
1
8
, b2 ¼ � 1

96
, b3 ¼

1
1024

, b4 ¼
1

11;520, etc. This series in Eq. (331) has
alternating signs and converges absolutely if

f2
so10:67 (332)

We note that the local equation (331) may be rearranged as

cm � cs ¼
f2
scs

Shðf2
s Þ

(333)

where

Shðf2
s Þ ¼

X1
i¼1

bif
2i�2
s

 !�1

¼
1

b1 þ b2f
2
s þ 
 
 


(334)

is the Sherwood number or dimensionless mass transfer coefficient. It may be
shown that (Gupta and Balakotaiah, 2001) Shðf2

s Þ decreases monotonically
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from 8 to 5.78 as f2
s increases from 0 to N. Thus, the rearranged form of the

local equation (334) converges for all values of f2
s .

The special case of linear kinetics with the axial Peclet number, Pe ¼ 0 and
flat velocity may be examined analytically. This case corresponds to the so-
called short monolith model, which is given by

1

x
d

dx
x
dc

dx

� �
þ pð1� cÞ ¼ 0; 0oxo1

dc

dx
¼ 0 at x ¼ 0

dc

dx
¼ �

f2
s

2
c at x ¼ 1; f2

s ¼ pDa

The exact solution of the model is given by

cm ¼ 1�
f2
s I1ð

ffiffiffi
p

p
Þffiffiffi

p
p

½
ffiffiffi
p

p
I1ð

ffiffiffi
p

p
Þ þ ðf2

s=2ÞI0ð
ffiffiffi
p

p
Þ�

(335)

cs ¼

ffiffiffi
p

p
I1ð

ffiffiffi
p

p
Þffiffiffi

p
p

I1ð
ffiffiffi
p

p
Þ þ ðf2

s=2ÞI0ð
ffiffiffi
p

p
Þ

(336)

cm � cs ¼
f2
scs

ShðpÞ
(337)

where the exact Sherwood number as a function of p is given by

1

ShðpÞ
¼

Ioð
ffiffiffi
p

p
Þ

2
ffiffiffi
p

p
I1ð

ffiffiffi
p

p
Þ
�

1

p
(338)

The L–S procedure gives the global and the local equations as

cm;in � cm ¼ Da cs (339)

cm � cs ¼ f2
s cs

1

8
�

p

192
þ

p2

3072
�

p3

46; 080
þ 
 
 


� �
(340)

Comparison of Eqs. (337) and (340) shows that the term in the brackets in Eq.
(340) is just the Taylor series expansion of 1/Sh(p) around p ¼ 0. Thus, the local
equation converges for all values of f2

s and p. For this special case, we can
also estimate the error in the solution when the local equation is truncated at
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order p as

� ¼
p2

192

Da

1þDa

� �2

þ 
 
 
 (341)

Thus, for the practical case of po1 (high conversion branch), the averaged
model gives at least two decimal accuracy for the mass transfer-limited case
ðDa ! 1Þ and higher accuracy in the kinetic regime.
C. REGULARIZATION OF THE LOCAL EQUATION

Here, we illustrate a mathematical technique called ‘‘regularization’’, that we
use to increase the region of convergence of the low-dimensional multi-mode
models.

When a function is defined by an infinite power series in terms of a parameter
p, the traditional approach is to truncate the power series, retaining terms up to
pq. However, if the power series fails to converge (i.e. outside the region of
convergence of the local equation), including higher order terms does not save
the truncated series from failure, and the truncated series may lead to non-
physical results in the limit of p ! 1.

Fortunately, there is an remedy for a poorly convergent power series, known
as Padé approximation. Consider a function c(k), given in terms of the power
series, as

c ¼ c0 þ c1k þ c2k
2
þ 
 
 
 (342)

The power series may be only poorly convergent or even non-convergent, in
which case the truncated series becomes a poor approximation to c. Unlike the
power series, which tries to express c in terms of a single polynomial, the Padé
approximation expresses c as a ratio of two polynomials. The procedure to
determine the two polynomials involves converting the power series [Eq. (342)]
into another power series

f ¼ g c ¼ a0 þ a1k þ a2k
2
þ 
 
 
 (343)

such that c ¼ f =g, where

g ¼ 1þ b1k þ b2k
2
þ 
 
 
 þ bnk

n (344)

It is expected that a suitable choice of g will improve the convergence of the
power series as the singularity of c may be cancelled by the zero of g. In most
cases, the Padé approximation f =g provides with a better approximation than
the corresponding power series truncated at any order q, especially when|k|is
comparable to (or even greater than) the convergence radius of the power series
[Eq. (342)] (Takeshi, 1999).
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Here, we use the example of the Taylor dispersion problem discussed Section
III to illustrate the regularization procedure. For simplicity, we illustrate this
only for the case of Per ! 1 (negligible axial diffusion). In this case, the global
equation is given by

@hCi

@t
þ

@Cm

@z
¼ 0 (345)

while the local equation is given by

Cm ¼ hCi þ huðxÞC0i (346)

where C0 is determined from

1

x
@

@x
x
@C0

@x

� �
¼ p f ðhCi þ C0Þ (347)

with

f ðCÞ ¼
@C

@t
þ uðxÞ

@C

@z
; uðxÞ ¼ 2ð1� x2Þ

Writing

C0 ¼
X1
i¼1

pici (348)

the functions ci satisfy the boundary and solvability conditions

@ci
@x

¼ 0 at x ¼ 0; 1 (349)

hcii ¼ 0; iX1 (350)

Following the procedure outlined in Section II, c1 and ci (iX2) are obtained by
solving

1

x
@

@x
x
@c1
@x

� �
¼ ðu� 1Þ

@hCi

@z
(351)

1

x
@

@x
x
@ci
@x

� �
¼

@ci�1

@t
þ u

@ci�1

@z
; iX2 (352)

along with the above boundary and solvability conditions [Eqs. (349) and (350)].
Solving Eq. (351), c1 is obtained as

c1 ¼ h1ðxÞ
@hCi

@z
(353)
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where

h1ðxÞ ¼ �
1

12
�

x2

4
þ

x4

8

� �
(354)

and

huc1i ¼ �
1

48

@hCi

@z
(355)

Substituting for c1 and using the leading-order approximation

@hCi

@t
¼ �

@hCi

@z
þOðpÞ

the equation for c2ðxÞ may be written as

1

x
@

@x
x
@c2
@x

� �
¼ ðu� 1Þh1ðxÞ

@2hCi

@z2
(356)

which when solved along with Eqs. (349) and (350) gives

c2 ¼ h2ðxÞ
@2hCi

@z2
(357)

where

h2ðxÞ ¼
1

11; 520
½45x8 � 200x6 þ 300x4 � 180x2 þ 31� (358)

and

huc2i ¼
1

2880

@2hCi

@z2
(359)

Therefore, the local equation to O(p2) is

Cm � hCi ¼ �
p

48

@hCi

@z
þ

p2

2880

@2hCi

@z2
� 
 
 
 (360)

Similarly, it is easily seen that

ci ¼ hiðxÞ
@ihCi

@zi
; iX1 (361)
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The local equation that relates hCi to Cm could now be written as

Cm � hCi ¼ huðxÞC0i

¼
X1
i¼1

pihuðxÞcii

¼
X1
i¼1

pi
@ihCi

@zi
huðxÞhii

¼
X1
i¼1

mik
i
hCi ð362Þ

where

mi ¼ huðxÞhii; iX1

k ¼ p
@

@z
(363)

The parameters mi’s can be calculated using a symbolic manipulation
package. The first 20 of these are listed in Table II. We note that these
coefficients have alternate positive and negative signs (with approximate
periodicity of 2), indicating that the series given by Eq. (362) is convergent.
Using the method outlined by Mercer and Roberts (1990), the radius of
convergence of this series may be estimated to be 13.8. The physical meaning of
this result is that the local equation is meaningful only for wavelengths
TABLE II

COEFFICIENTS IN THE LOCAL EQUATION FOR THE TAYLOR DISPERSION PROBLEM

i mI I mi

1 2.0833� 10�2 11 3.2220� 10�15

2 �3.4722� 10�4 12 �7.5088� 10�17

3 �1.5889� 10�5 13 �1.0632� 10�17

4 1.1755� 10�6 14 7.0908� 10�19

5 4.9257� 10�9 15 1.9357� 10�20

6 �3.6895� 10�9 16 �3.8083� 10�21

7 1.0715� 10�10 17 5.7558� 10�23

8 9.3087� 10�12 18 1.4781� 10�23

9 �7.2057� 10�13 19 �8.1784� 10�25

10 �1.0244� 10�14 20 �3.5907� 10�26
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exceeding the critical value

Lc ¼
2pa2hui
13:8Dm

¼
a2hui

2:2Dm
(364)

or equivalently, for p42:2 (where the p value is based on the minimum
wavelength contained in the initial conditions).

Regularization of the local equation may be used to increase the region of
validity of the truncated local equation. In fact, the regularized local equation
may be written such that it gives a physically meaningful solution even in the
limit of large p.

Using Eq. (362), we write

Cm ¼ m0hCi þ m1khCi þ m2k
2
hCi þ 
 
 
 (365)

where m0 ¼ 1. Following the regularization principle outlined above [Eqs.
(342)–(344)], we express Cm as a ratio of two series:

Cm ¼
½m0 þ ðb1m0 þ m1Þk�

1þ b1k
hCi

that is

ð1þ b1kÞCm ¼ ½m0 þ ðb1m0 þ m1Þk�hCi (366)

We choose b1 ¼ 2m1, and Eq. (367) simplifies to

hCi ¼ ð1� m1kÞCm (367)

and the regularized form of the local equation [Eq. (362)] is obtained from Eq.
(367) as

Cm � hCi ¼ m1p
@Cm

@z
(368)

¼ �b1p
@Cm

@z
(369)

The regularized form of the two-mode model is now given by

@hCi

@t
þ

@Cm

@z
¼ 0 (370)

Cm � hCi ¼ �b1p
@Cm

@z
(371)
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This regularized form [Eqs. (370) and (371)] has a much larger region of validity
than the original low-dimensional model and gives qualitatively correct results
for any p40. As discussed in Section III, we can combine the above two
equations to get a single hyperbolic regularized equation for Cm.
VII. Summary, Conclusions, and Recommendations for Future
Work
The classical ideal reactor models such as the PFR and CSTR, obtained by
applying the conservation laws at the meso or macroscale ignore the small-scale
physics that is very important in determining the behavior of real reactors.
While these models are very simple to analyze and may be easily incorporated in
the design and control schemes, they are not realistic as they do not retain the
qualitative features of the full CDR equations. However, accurate low-
dimensional models that retain most of the qualitative features can be derived
by rigorous averaging of the CDR equations using the L–S method. In this
chapter, we have demonstrated this for the case of well-defined flow fields for
dispersion problems, homogeneous and wall-catalyzed reactors. We have also
illustrated the accuracy, convergence, and application of the low-dimensional
multi-mode/multi-scale models with commonly used examples from chemical
reaction engineering.

Generally speaking, the averaged models exist only when the local diffusion
time is much smaller compared to the convection and characteristic reaction
times ðp � 1; Daloc � 1Þ, i.e. physical length scale separation also corresponds
to separation of time scales. The accuracy of the averaged model depends on the
order of truncation in the small parameter p as well as the magnitude of the
other parameters p* (e.g. the reactor scale Damköhler number). An averaged
model derived to order pq (qX1) retains all the parameters of the original CDR
equations and the error in the solution is of the order pqþ1. While
pseudohomogeneous ideal reactor models (corresponding to q ¼ 0) do not
retain the qualitative features of the full CDR equations, the next order
truncation (at q ¼ 1) retains all the important features such as the mass transfer
or mixing limited asymptote and multiplicity of solutions for autocatalytic
kinetics.

It should be noted that for non-isothermal case (and also for isothermal case
with autocatalytic kinetics) the local equation may have multiple solutions.
When this occurs, the averaged model obtained by the L–S method captures the
complete set of solutions of the full CDR equations only within the region of
convergence of the local equation. For example, for the wall-catalyzed non-
isothermal reaction case, we have shown that the averaged two-mode model can
capture only the three azimuthally symmetric solutions of the full CDR
equation. The latter has three symmetric solutions (of which two are stable) as
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well as an arbitrarily large number of asymmetrical solutions (Balakotaiah
et al., 2002). These asymmetrical solutions with length scales smaller than the
tube radius exist only in the region of parameter space in which the local
equation derived by L–S technique does not converge. For the case of fast
homogeneous or heterogeneous reaction ðDaloc � 1Þ, averaged models do not
exist as the local time scale can go to zero for Daloc ! 1. In this limit, the
spectrum of the local diffusion operator (with source/sink term either in the
equation or boundary condition) becomes continuous and time scale separation
breaks down. Thus, for the fast reaction case, it is not possible for any averaged
model to capture all the solutions of the full CDR equations.

A major limitation of the present work is that it deals only with well-defined
(and mostly unidirectional) flow fields and simple homogeneous and catalytic
reactor models. In addition, it ignores the coupling between the flow field and
the species and energy balances which may be due to physical property
variations or dependence of transport coefficients on state variables. Thus,
a major and useful extension of the present work is to consider two- or
three-dimensional flow fields (through simplified Navier–Stokes or Reynolds
averaged equations), include physical property variations and derive low-
dimensional models for various types of multi-phase reactors such as gas–liquid,
fluid–solid (with diffusion and reaction in the solid phase) and gas–liquid–solid
reactors.
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NOMENCLATURE
Roman Letters

a radius of the tube
B Zeldovich number (or dimensionless adiabatic temperature rise)
Bi Biot number
Cj (cj) reactant (dimensionless) concentration of the jth species
Da reactor scale Damköhler number (homogeneous reaction)
Das reactor scale Damköhler number (catalytic reaction)
Daloc local Damköhler number
De,j effective diffusion coefficient of jth species
Dm,j molecular diffusivity of jth species
DT turbulent diffusivity
ft friction factor in turbulent flow
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DHR heat of reaction
L length of the reactor
Lef fluid Lewis Number
M number of species
NH number of homogeneous reactions
NW number of heterogeneous wall-catalyzed reactions
p transverse Peclet number
Pe axial Peclet number
Per radial Peclet number
Q volumetric flow rate of recycle
qin volumetric flow rate of reactants
Ri intrinsic rate of ith homogeneous reaction (dimensional)
Rw,i intrinsic rate of ith wall reaction (dimensional)
St Stanton number
Sh Sherwood number
t dimensionless time
tmix mass micromixing time of the reference species
tmix,j mass micromixing time of the jth species
tmix,H thermal micromixing time
T temperature
ux velocity in the axial direction
X conversion
x coordinate along the length of the reactor (dimensional)
z dimensionless coordinate along the length of the reactor

Greek Letters

a cooling parameter
b exchange coefficient
g dimensionless activation energy
e volume fraction of fluid phase in the reactor
Z dimensionless mass micromixing time based on the reference species

(tmix/tC)
Zj dimensionless mass micromixing time of the jth species (tmix,j/tC)
ZH dimensionless thermal micromixing time
y temperature (dimensionless)
L recycle ratio
kj ratio of the diffusivities of the reference species to that of the jth species
mij stoichiometric coefficient of species Aj in the ith wall reaction
nij stoichiometric coefficient of species Aj in the ith homogeneous reaction
x dimensionless radial coordinate
tC total residence time on the reactor
f2 Thiele modulus
f2
s surface Damköhler number

j azimuthal coordinate
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Damköhler, G. Z. Elektrochem. 43, 1 (1937).

Danckwerts, P. V. Chem. Eng. Sci. 2, 1 (1953).

Danckwerts, P. V. Chem. Eng. Sci. 8, 93 (1958).

Dommeti, S. M. S., and Balakotaiah, V. Chem. Eng. Sci. 55, 6169 (2000).

Dutta, A., and Tarbell, J. M. AIChE J. 35, 2013 (1989).

Förster, V. T., and Geib, K. H. Ann. Phys. 5, 250 (1934).

Fox, R. O. Chem. Eng. Sci. 47, 2853 (1992).

Froment, G. F., and Bishchoff, K. B., ‘‘Chemical Reactor Analysis and Design’’. Wiley, New York

(1990).

Golay, M. J. E., Theory of Chromatography in Open and Coated Tubular Columns with Round and

Rectangular Cross-sections, in ‘‘Gas Chromatography’’ (D. H. Desty Ed.), pp. 36–49.

Butterworth, London (1958).

Golubitsky, M., and Schaeffer, D. G. ‘‘Singularities and Groups in Bifurcation Theory’’. Vol. 1.

Springer, Berlin (1984).

Gupta, N., and Balakotaiah, V. Chem. Eng. Sci. 56, 4771 (2001).

Harada, M. Mem. Facul. Eng., Kyoto Univ. 24, 431 (1962).

Hatta, S. Technol. Rep., Tohoku Univ. 10, 119 (1932).

Hiby, J. W. Longitudinal and Transverse Mixing During Single-phase Flow Through Granular

Beds, in ‘‘Proceedings of the Symposium on Interaction between Fluids and Particles’’ pp.

312–320. Institution of Chemical Engineers, London (1962).

Langmuir, I. J. Am. Ceram. Soc. 30, 656 (1908).

Levenspiel, O., ‘‘Chemical Reaction Engineering’’. Wiley, New York (1999).



SPATIALLY AVERAGED MULTI-SCALE MODELS 297
Li, K. T., and Toor, H. L. AIChE J. 32, 1312 (1986).

Liu, S. -L., and Amundson, N. R. I&EC Fund. 1, 200 (1962).

Mercer, G. N., and Roberts, A. J. SIAM. J. Appl. Math. 50, 1547–1565 (1990).

Miyawaki, O., Tsujikawa, H., and Uraguchi, Y. J. Chem. Eng. Japan 8, 63 (1975).

Morbidelli, M., and Varma, A. AIChE J. 28, 705 (1982).

Ng, D. Y. C., and Rippin, D. W. T. Chem. Eng. Sci. 22, 65 (1965).

Ottino, J. M., Ranz, W. E., and Macosko, C. W. Chem. Eng. Sci. 34, 877 (1979).

Ranade, V. V., ‘‘Computational Flow Modeling for Chemical Reactor Engineering’’. Academic

Press, New York (2002).

Rhee, H. -K., Amundson, N. R., and Aris, R., ‘‘First-order Partial Differential Equations: Volume

1: Theory and Application of Single Equations’’. Prentice-Hall, New York (1986).

Schmitz, R. A., and Amundson, N. R. Chem. Eng. Sci. 18, 415 (1963).

Sittel, C. N., Threadgill, W. D., and Schnelle, K. B. I&EC Fund. 7, 39–43 (1968).

Takeshi, O. Phys. Fluids 11, 3247–3269 (1999).

Taylor, G. I. Proc. Roy. Soc. Lond. A 219, 186 (1953).

Taylor, G. I. Proc. Roy. Soc. Lond. A 223, 446 (1954).

Theile, E. W. Ind. Eng. Chem. 31, 916 (1939).

Trambouze, P. J., and Piret, E. L. AIChE J. 6, 574 (1960).

Vatistas, N., and Marconi, P. F. Chem. Eng. Sci. 47, 1727 (1992).

Villermaux, J. Rev. Chem. Eng. 7(1), 51 (1991).

Villermaux, J., and Devillon, J. C. Représentation de la coalescence et de la redispersion des
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